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OPTIMAL CONTROL OF A NONLINEAR SYSTEM 


Sun Tszyan' 


(Moscow) 


(Translated from: Avtomatika i Telemekhanika, Vol. 21, No, 1, pp. 3-14, January, 1960) 


Original article submitted May 26, 1959 


The paper considers transient responses, optimal as concerns speed of response, in control systems con- 
taining a rotary amplifier and a dc motor. The motor's excitation voltage is considered as a second independ - 
ent control parameter, Metheds are suggested for the synthesis of an optimal controlling device. An example 
is given of the synthesis for simplified second- and third-order systems, 


Electrical control and regulation systems contain- 
ing rotary amplifiers and de motors have found wide ap- 
plication, The various systems in use today are ordinar- 
ily constructed on the basis of the linear theory, Control 
of the motor is effected on the side of the rotary genera - 
tor*s control winding, wherein the controlling signals are 
proportional to a combination of the error (the discrepan - 
cy between input and output) and its derivatives, The 
motor*s excitation voltage is ordinarily fixed, These 
systems can also contain other connections, introduced 
for the purpose of compounding or compensation, In all 
these systems, the signal applied to the rotary generator's 
control winding is the sole control parameter, However, 
a second possible control parameter — the motor‘s excita - 
tion voltage — exists in these systems, With a variable 
motor excitation voltage, the system can manifest better 
quality indications, fcr example, higher speeds of response. 

A system with two control parameters is nonlinear, 
as will become obvious in the sequel, The analysis and 
synthesis of such optimal systems are very difficult varia - 
tional problems, Today, the problem of synthesizing such 
optimal systems can be solved on the basis of the work of 
L, S. Pontryagin, V. G. Boltyanskii, and R, V. Gamkrelidze 
[1-3]. In these works, the variational maximum princi - 
ple is proven to be a necessary condition for optimality 
of control, However, in many cases, the maximum prin- 
ciple, in conjunction with other information about a sys- 
tem, permits one to solve completely the problem of 
synthesizing an optimal system. 


1, Equation of System Motion 





We consider the electrical control system contain - 
ing a rotary amplifier whose block schematic is shown on 
Fig. 1. With the nomenclature used on this figure, we 
can write the following system of equations: 


dX dQ 
a = 6Q, i= = k,l, | +My, , 
dl dl 
Ty + Ip = kW, T, > + I, = kU, 


dE 
T,>P + Eg= kale, Eg— cQle =/],Re 


(1) 


Here, &, ky, Kg, kg, and ky are constant gains, T,, 
Tz, and Ts; are the time constants of the rotary amplifier 
control winding, in the motor*s excitation winding and in 
the transverse circuit of the rotary amplifier, respectively, 
In our further transformations of system of equations (1) 
we shall made the following assumptions: the load's stati 
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torque is small in comparison with the Joad’s inertia; time 
constant T, of the rotary amplifier’s control winding is 
small in comparison with Ts. System (1) will then, after 
some transformation and after conversion to dimensionles 
units, have the following form: 


dz dw n 
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The time t in system (2) of equations is also dimen- 
sionless; as the basic quantity we take the electromechan- 
ical time constant T,,,. For convenience, we retain the 
previous notation for time. 

In actual systems there are four essential limitations: 
limitations on the control and excitation voltages u, and 
Ug, limitations on armature current, and limitations on the 
motor’s rotational speed, The last two are limitations on 
coordinates of the system, The analysis and synthesis of 
optimal systems when limitations on coordinates are taken 
into account are complicated mathematical problems re- 
quiring special study, However, the coordinate limitations 
in practice are quite simple, In many cases, quite simple 
considerations permit one to find the optimal processes 
with coordinate limitations taken into account [5]. In 
this paper we shall only consider limitations on the con- 
trolling parameters, as the case most studied from the point 
of view of the variational calculus, In relative units, the 
limitations imposed on uy and ug are expressed by the fol- 
lowing inequalities: 


luj<ti, 0O<rA qa,ccl. (3) 


The lower limit for the motor excitation voltage A 
is defined by the condition that the motor not enter a 
separation mode of operation for small static loads, 

We shall investigate the optimal transient responses 
in the processing of original errors, In this case, the mag- 
nitude of an original error does not effect the structure of 
the optimal controlling portion, When the input stimulus 
varies linearly in time, the problem is solved analogously, 
but a more complicated structure (design) is obtained since, 
in this case, the velocity at which the input stimulus varies 
will enter into the equation of motion, Let the input stim- 
ulus be g(t) = Ag, where Ag is an arbitrary constant, We 
introduce new coordinates, related to the old coordinates 
in the following way: 


zr, = Ay—Z, Io = — = — Qw, 


XY => ie. (4) 


By substituting the new coordinates in Eqs, (2), we 
get the definitive system of equations: 


dz dze 2 
= = Tq, J, = Mets — TX, 
dz; dz, 
— = — Bits — Bit, a ce Bets + Bova. (5) 


L3 = — €p 


Expressions (3) for the limitations on uy and ug also 
hold for equations in the new coordinates, 


2. Optimal Processes and Optimal 
Equations 





Let the initial state of the system be given, i.e., 
at the initial moment of time let the four coordinates 
of system of equations (5) be given. It is required to 
choose controls u,(t) and u,(t) which will take the sys- 
tem to the null state in minimal time. We first consider 
the phase space X of system (5), Each point of thisspace, 
called a representative point, defines one state of the 


systern, The system's null state is characterized by the 
point with coordinates {0, 0,0, y}, where y(0< A< 
< y < 1) is some fixed number, The system's motion 
will be considered as a trajectory of the representative 
point {x}, X:, Xz, x} in phase space X, The general 
point in X is denoted by the letter x. 

Limitations (3) form a closed rectangle U on the 
control plane, whose coordinates axes are u, and uy. The 
control vector with coordinates uy and ug we shall denote 
by the letter u, A vector function u(t) is called admissi- 
ble if all its values lie in U. In the sequel we shall assume 
that u(t) is an admissible piecewise -smooth function with 
no more than a finite number of first-order discontinu- 
ities, Each such fixed control uniquely defines one con- 
tinuous trajectory which passes through the given initial 
point in phase space. 

With this notation, the system of equations in (5) 
can be replaced by one vector equation 


& = f(a) + Bu. (6) 
Here, B is the rectangular matrix 
0 0 
0 0 
B = 
—B, 0 
QO fs 


The optimal control problem can be formulated as 
follows: In phase space X the point x(0) is given, and it 
is required to find an admissible control u(t) = { u,(t), 
u,(t)} which will carry point x(0) over into null point 
é,= 10, 0, 0, y} in minimal time, 

In accordance with the theorems of the maximum 
principle [3], we set up the system of differential equa - 
tions which is adjoint to system (5) with the new variables 
V = {01,4 —.¥% 5, % 4): 


0, T= — d+ 2%, 
ee = — aXgbhe + Bids, (7) 


> ear (22%4 — &23) de + Bots. 


Here, ¥ is a covariant vector whose components are com- 
puted by the usual formula 
dy, 1 fe 


at ao az; 





ga (i =4, 2, 3, 4). 


We now set up the Hamiltonian function, which is 
here the scalar product of the vector ¥ by the velocity 
vector dx/ dt. We denote by H the Hamiltonian function: 


H (x, >, u) =($ TS)" =(4, /(@ + Bu) = 
= (>, /(z)) + ($, Ba). (8) 


* We shall use parentheses to denote the scalar product 
of two vectors, 








With this notation, we formulate the necessary con- 
dition for the optimality of control u(t) in the following 
way [3]. Let u(t) be an optimal control and x(t) the cor- 
responding optimal trajectory. There then exists a non- 
zero continuous vector function ¥(t) such that 


H ($(0), z(0), w(0)) >0, 
the functions ¥(t), x(t), and u(t) satisfy systems (5) and (7) 
of equations, so that along the trajectory, at any moment 
of time, the Hamiltonian function is a maximum with re- 
spect to u, i.e., 


H ($(z), x(t), u(t) = sup (p(t), f (0) + Bu) 
uéy 
and 


H((t), x(t), u(t)) = const > 0. (9) 
We note that the quantity in the first parentheses 
in the rightmost member of (8) does not depend on u, 
Consequently, the expression in the second parentheses 
attains a maximum simultanecusly with Hamiltonian 
function H. The necessary condition for optimality leads 
to the condition 


(} (i), Bu (t)) = — (p(t), Bu). 
We now write (10) in expanded form: 
(>, Bu) = — dg (t) Bius + $a (t) Botte. 


If an optimal control exists, it is easily seen that 
it is defined by the following relationships: 


u, (t) = — sign ¢, (t), 
1 for d,(t) > 0, 
ye (, for q(t) <0. (11) 


This means that if the optimal control exists, it 
consists of a certain number of intervals, in eachof which 
uy and u, assume one of their limiting values, 

Controls uy and u, change their values by a jump 
each time ¥,(t) and ¥ ,(t) pass through zero. This is the 
state of affairs in all nonlinear systems where the con- 
trolling parameters enter linearly and if the correspond - 
ing components of the covariant vector do not vanish 
identically in any finite interval of time. 

We now give the solution of system (7) of equations 
for the vector ¥ (t) 


(10) 


$1 (t) = do = const, 


[$20 — dro é + in 


x (t) dt 


ee et 
ou, 


$2 (t) =e 


bs (t) = ef [ 40 —a - (t) $2 (t) eirde| , 


Pe (2) = ef [ a0 +2 ' (x2 (t) rg (t) — arg (2))ePrde | A 


0 
(12) 


It is clear from (12) that ¥(t) goes through zerono 
more than once, Consequently, if x,(t) does not change 
sign, ¥ s(t) goes through zero not more than twice and, in 
the general case, u,(t) consists of three intervals, 

These consequences are useful for the solution of 
the synthesis problem. To be assured of the possibility 
of constructing an optimal system, it is nice to know the 
following theorem on the existence of optimal controls; 
For each point of the phase space given by (5), there ex- 
ists an optimal control wh{ich takes this point to the point 
&g= {0, 0, 0,» in minimal time. 

The proof of this theorem for the system of (5) can 
easily be carried through by modifying the well-known 
scheme of the proof of the similar theorem for linear sys- 
tems which has been given by R. V. Gamkrelidze [2], 
This may be done because the nonlinearity in (5) enters 
only into the coefficients of the corresponding equations,t 

Concrete analysis shows that one can expect the 
optimal control in our case to be unique.t This means 
that, for a given point of phase space, there exists a unique 
control which takes this point over into point & 9 in mini- 
mal time, We shall make use in the sequel of the exist- 
ence and uniqueness theorems for optimal controls, 


3. Some Properties of the Field of 
Optimal Trajectories 








In this section we give a brief presentation of some 
of the properties of optimal trajectories, As was stated 
earlier, we can assume existence and uniqueness of the 
optimal controls for the system being studied, i.e., for 
any point of phase space there exists a unique optimal 
trajectory joining the given point to the null point & » 
To each point of phase space there corresponds just one 
duration of the optimal transient response, The time T 
is a single-valued function of the phase-space points, 
We now consider the set S- of points with the same dura- 
tion of the optimal transient response. All these points 
lie on some hypersurface with equation 


T (x, Xq, XL, X4) = C. (13) 


The entire space is filled by the optimal trajec- 
tories, In the direction of point £ , these trajectories can 
only converge, not diverge, On each optimal trajectory 
from a remote point there lies only one point which isin 
the set S... 


f The theorem on the existence of optimal controls is 
proved in [7] for nonlinear nonstationary systems with 
linear controls and for certain additional limitations, 

+ What we have in mind here are the concrete construc- 
tions of optimal processes on planes and in three-dimen- 
sional space, So far as the author knows, the literature 
contains no proof of the existence theorem for an arbi- 
trary nonlinear system, 
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It may be proved*®*® that the point set S,, is aclosed 


convex hypersurface, Moreover, this hypersurface is every- 


where continuous and almost everywhere differentiable, 
i.e., except for a set of points of "area® (measure) zero, 
there is a tangent plane at every point of ST. Following 
A. Ya. Lerner [5], we call Sy an isochrone, All points 
inside S,, have a duration of the transient response less 
than T. An isochrone continuously widens with increas- 


ing time. As To, Sj fills the entire finite phase space, 


The function T(x,, Xg, Xs, x4) forms a scalar potent- 
ial field in phase space, Equation (13) defines an equipo- 
tential hypersurface. Since hypersurface S., is differenti- 
able almost everywhere, field T generates a vector gradi- 
ent field, which is the field of external normals to hyper- 
surface (13), One may easily remark the relationship be - 
tween the field of external normals and the covariant 
vectors ¥ , which is noted in L, S, Pontryagin’s maximum 
principle. it turns out that the vector ¥ forms a vector 
field in phase space X, with the exception of the set of 
points of the space where the hypersurface S- is not dif- 
ferentiable. This can be written in the form of a vector 
equation 


grad 7 (24, Xa, X3, %4) = 
_ (21, Le, Lz, Xe) b (24, Ze, L3, XZ), (14) 


where « is some function of the points of space X. 

Equation (14) gives rise to several partial differen- 
tial equations which, in some of the simplest cases, can 
be integrated, giving the function T in explicit form. It 
may also be shown that there is a continuous dependence 
of the optimal control on the original position of the 
point,TTi.e., points which are close in phase space have 
"close" optimal controls, This fact was established for 
linear systems by F. M. Kirillova in [6]. 


4, The Synthesis of an Optimal 
Controlling Device 








As is well known, the task of synthesis reduces to 
the finding of the optimal control in the form of a func- 
tion of the points of phase space u;(x4, Xg, X3, X4) (i= 1, 2) 
or, what amounts to the same thing, to finding the switch- 
ing hypersurface for the controls uy and u, since, accord- 
ing to expression (11), the optimal control has the form 
of a relay function, If the optimal control functions can- 
not be found exactly by analytic means, then the switch - 
ing hypersurface can be found approximately. Optimal 
trajectories always consist of a finite number of segments 
of curves of four families, corresponding to the controls 
uy = 1 and u,=1,A. With this, the entire space is di- 
vided into regions, in each of which uy and ug have def- 
inite values, The boundaries of these regions are also 


the switching hypersurface. Two methods can be proposed 


for finding the switching hypersurfaces approximately. 

In the first method, one sets up, on an analog computer, 
a model whose time runs in the reverse direction of sys- 
tem (5), Then, all the optimal trajectories leaving point 
§ 9 will have the reverse direction, We also construct the 


conjugate model in accordance with system of equations 
(7), but with time t replaced by -t, We then connect 
these two models as in Fig. 2. Since each initial condi- 
tion ¥(0) defines one optimal trajectory, we can, by giv- 
ing various values of ¥(0), obtain a set of optimal trajec- 
tories, With this, the pulse generator sends a command 
at the moments of switching of u, and u, which causes 
the recorder to write the values {x,, Xq, Xs, x4} . Thanks 
to the linearity of Eqs, (7) in ¥;(i = 1, 2, 3, 4), ¥(0) can 
be chosen so as to satisfy the condition: 


Gio t $5 + $5 + Of = 1. 

For each trajectory we record the times of switch- 
ing and the corresponding system coordinates at the mo- 
ment of switching. By continuing this for a sufficient 
number of times, we obtain an approximate representa - 
tion of the switching hypersurface in the form of a table, 
Using the tabular data, one can carry out the synthesis of 
the optimal controlling device by the method cited in [9]. 
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If it is impossible to measure the system‘s param~ 
eters with sufficient accuracy, it is then advantageous 
to use another method for the determination of the optimal 
control function, wherein one uses the relationship be- 
tween the gradient field of the duration of the optimal 
transient response and the vector field of the function 
¥ (Xs, Xp. Xg» Xq)» The isochrones for various durations of 
the optimal transient response can be constructed approx - 
imately by means of a machine of the type of the auto- 
matic optimizer which was developed under the direc- 
tion of A. A. Fel'dbaum at the Institute of Automation 
and Remote Control of the Academy of Sciences, USSR. 
The algorithm for solving this problem on the automatic 
** The proof of the following assertion, which we omit 
here, depends essentially on the specific features of non- 
linear system (5), and is therefore of a concrete, non- 
general character. It is different from the well-known 
proof for linear systems, 
TT A continuous dependence here has the mathematical 
meaning of continuity of the norm, If u(t) and u(t) are 
two optimal controls which take points €* and €* to 
the null point then, as €* tends to £4, the integral 


f tut) -uk (ey)? dt tends to zero, where T = max (T;, Ti). 
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optimizer was developed by R. I. Stakhovskii. By con- 
structing the isochrone hypersurfaces we can, using Eqs. 
(14), determine the distribution of the signs of the func- 
tions ¥ (x4, Xg. Xg, Xq) and ¥ 4(xy, Xg, Xg, X4), and thereby 
find the switching hypersurface. 

For certain limiting cases, when the order of Eqs, 
(5) can be lowered, the synthesis problem can also be 
solved analytically, We give below the results of syn- 
thesis for two limiting cases: for the case when the gen- 
erator’s time constant and the motor’s excitation wind- 
ing time constant are negligibly small in comparison 
with the electromechanical constant, and for the case 
when only the second of these can be neglected, Inthe 
first case, we can substitute 8, = oo and 8, = @ in sys- 
tem of equations (5), The equations will then have the 
form: 

12, ——ule,—anu;. (15) 

As before, the limitations imposed on the system 
have the form given in (3), For this limiting case, the 
maximum principle turns out to be sufficient for the de- 
termination of all optimal trajectories and the switching 
lines of controls u, and ug. 

We now set up the conjugate (adjoint) system of 
differential equations for the functions ¥ ,(t) and + ,(t): 


a d 

0, Moy tule. 6) 
We then set up the Hamiltonian function: 
H (x, ), u) = dy22 + by (— ugg — awyug). (17) 


For the essentially nonlinear system (15), it is not 
known, in general, if there is an optimal control for any 
arbitrary initial conditions and, if there is one, whether 
or not it is unique, But, since system of equations (15) is 
a limiting case of system (5), one may expect that sys- 
tem (15) also possesses these properties, The results of 
the synthesis substantiate this assumption. 

We now write the solution of system of equations 
(16): 

; (t) = d49 = const, 
t t 
) ua (t) dt t -{ u2 (8) ds 
a(t) = bao — | dave P 
0 

We notice that ¥ ,(t) cannot change sign more than 
once, We now turn our attention to the Hamiltonian 
function (17), Within the parentheses there, a is a 
positive number and uy, is always positive, Then, in ac- 
cordance with the requirement of the maximum principle, 


Uy = — Sign dy (t). (19) 


To elicit the optimal law for control u,(t), we re- 
write the Hamiltonian function in another form: 


H(z, ¢, u)= dita + $2 [— 22 (ws + Hy +]. 


a | . (18) 


Let us consider separately the two possible cases, 

a) ¥,(t)< 0, In this case, uy= 1. For x, > 0, Uy 
must assume its greatest value, equal to unity. On the 
lower half-plane, where x, < 0, the optimal control u, 
is defined as follows: 





f |=|>1 
a. a 
u,= | 3, if ecilite (21) 
cs Ss. 
| Soa | 2 <i. 





b) ¥(t) > 0, uy = -1. On the upper half-plane, 
where u, > 0, the optimal control uy, is defined by the 
expression ‘ 
| 1 for oz, => i, 

Us = Se; for Leo. <1, 


) 
&*3 





{ h for =. <1. 

On the lower half-plane, u, = 1, 

It is thus clear that in the general case uy consists 
of two intervals, in each of which uy assumes the value 
1 or -1, Control uy, which is the motor excitation, con- 
sists of four intervals. In one of these intervals, u, con- 
tinuously sweeps through the segment [A, 1]. On the 
succeeding segment uz can only assume its maximum 
value, 1, since otherwise the function H would not be a 
maximum at the endpoint, where x; = x, = 0, It maybe 
uoticed that, at the origin of coordinates, only two curves, 
from the different half-planes, pass, These two curves 
comprise the final segments of all optimal trajectories, 
We denote them by L, and Lj (Fig. 3). Online L; control 
uy; = ~l and on line Lj, control u,= 1, Analogous rela- 
tionships lead us to the conclusion that ¥, changes 
sign on lines LyandL}. Generalizing what has been said, 
we conclude that the phase plane is divided into six re- 
gions (Fig. 3). Lines Ly and Lj divide the phase plane 
into two half-planes; in the left half-plane u, = —1 and, 
in the right one, u,; = 1. Moreover, there is a strip in 
each half-plane, bounded by the lines T, and Ty in the 
left half-plane and the lines Ty and I’? in the right one, 
If the initial point x(0) is in the third quadrant then the 
optimal trajectory rises upward with controls uy = —1 and 
Ug= 1, Meeting line I, u, begins to vary in accordance 
with the law uz = a/ 2x, On leaving this strip, ug takes 
its minimum value, A; when the trajectory meets line 
L{, uy changes sign and ug jumps to its maximum value 
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after which the trajectory follows line Ly to the origin of 
coordinates, The transient response and the laws of 
change of the controls with time are shown on Fig, 4, 
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We now consider the other case, when B, = 
=Tem/2=o0, and B; is finite, In this case, we have the 
following system of differential equations 


dz, dz 2 
a US FCC 


d 
st = — Byty— Bit. (22) 


The adjoint system of equations for the vector ¥ 
will be 


d d 
+ =0, ors = — dy + Ua, 


Ns = 0 — aushs + Bids. (23) 


The solution of this system is; 


d; (t) = dyo = const, 


. a 


h(t) = |-- d10\ € 


0 


uy (e) de 


dt + 20] e ’ 


ud (s) ds 


SO 5 ne 
Cur n 


t 

tb, (t) =|— o \ Ug (t) be (t) eFit*de + oo | eit, (24) 

0 
We can conclude from expressions (24) that, by 
virtue of the constancy of ¥,(t) along the given trajec- 
tory, ¥ A(t) cannot change its sign more than once, Since 
ug(t) is assumed to be always positive, then ¥,(t), in the 
general case, does not change sign more than twice, The 
Hamiltonian function is 
H (z, ¥, u) = (25) 
= p22 + he (ax3u2 — Tus) + Ps (— Br%3 — yu). 


For the Hamiltonian function to be maximal with 
respect to uy, it is necessary that uy vary in accordance 
with the law 


unr sign Pse 


Thus, in general (in accordance with the remark 
made earlier), optimal control u,(t) consists of three in- 
tervals, in each of which uy assumes one of its boundary 
values, To determine the character of control u,(t), we 
rewrite the Hamiltonian function (25) in the following 
equivalent form: 


H (a, d, u) —_ di 2, + 
th[-a(a- 2) +(e] + an 


22 
+ ds (— Pixs — Byu). 
We consider separately the following cases, 


1) Xe > @, Xg > 0, When Vs <0, the Hamiltonian 
function H, according to (25"), attains a maximum for 


aAzr, 1+A 
1° so 
Ug = 
Ars i+A 
h, if 224 ——p © 


When ¥, > 0, H is a maximum for 





a. & tz, > 1 
azs Az, 

us = ; Da,’ if <5, Si, 
az, 


2) x3 > 0, xg < 0, In this case, the conditions for 
a maximum for H will be: ug= A for ¥, <0 and ug = 1 
for¥, > 0. 


3) xg < 0, xg < 0, The corresponding conditions 
are written as follows: 


for ¥,> 0, 
Az, 4 A 
1, if 2a ae 
un, >= 
h, if i 
for ¥, <0, 
az 
(4, S>4, 
ars ars 
m= {St f AW EPKA, 
azs : 
, if tz = 





4) x3 < 0, x,> 0. In this region, H attains a max- 
imum if 


& for $, <0, 
Ma 1X for b,>0. 


On the basis of the discussion given, we can, in 
general, construct all the optimal trajectories in phase 
space, However, this necessitates a great deal of com- | 
putational work. The structure of the switching surfaces 
for both controlling parameters is quite complicated, 
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The construction of these surfaces is an independent 
problem for investigation. Here, we speak only of cer- 
tain features of the optimal transient responses in the sys- 
tem described by Eqs, (22). 
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Fig. 5 


Figure 5a gives the optimal transient response for 
zero initial conditions, Here, control u,(t), as it must, 
consists of three intervals, Control u,{t) has the same form 
as the corresponding control in the previous case. The dif - 
ference amounts only to this: that the moment when u, 
switches from a minimum to a maximum does not coin- 
cide with the moment when u, is switched, but occurs 
later. 


A completely different picture is obtained if the 
initial conditions are nonzero, As shown in Fig. 5b, for 
certain initial conditions, ug varies by a significantly 
more complicated law than in the case of the process 
with zero initial conditions, 


CONCLUSIONS 


The maximum principle of L. S. Pontryagin is a 
very powerful means for solving the problem of synthe- 
sizing control systems which give optimal speeds of re- 
sponse, Despite the fact that use of this principle leads 
only to necessary conditions for the optimality of con- 
trols, in certain cases it can, in conjunction with other 
information, provide sufficient information to permit 
the designing of systems with high speeds of response, 

The generally accepted scheme for a control sys- 
tem containing a rotary amplifier with fixed motor ex- 
citation voltage is not the best one. It is more advan- 
tageous to introduce a variable excitation voltage whose 
law of variation can be exactly computed for a given 
system. By using the maximum principle, one can ef- 
fect an exact synthesis of an optimal controlling device 
which makes the system best, in the sense of speed of 
response, 
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THE REDUCTION OF NONLINEAR CONTROL SYSTEM EQUATIONS 


TO THEIR SIMPLEST FORM 
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(Translated from: Avtomatika i Telemekhanika, Vol, 21, No. 1, pp. 15-19, January, 1960) 
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Formulas are given for linear transformations which take the equations of direct control systems to single 
nth -order differential equations, Use of this transformation allows one to shorten the computations required in 
carrying out certain calculations for control systems, for example, for determining the autooscillations in the 


case of piecewise -linear characteristics, 


1, We shall consider the system of differential 
equations 


Tk = >) Vea + buf (c, t) (k= 4, 2,...,0), 
a=] 


o= >> ]s%s, (1) 
a=} 
where bea, hy, and j, are constants, and f(o, t) is some 
nonlinear function, 
The characteristic polynomial of the linear por- 
tion of system (1) will be written in the form 


D()) = [Mra — bea |= AMA + te 


(5). is a Kronecker delta), 

We now introduce the determinants H,(A) (s = 1, 
2,...,m) which are obtained by replacing the sth col- 
umn of determinant (2) by the column (it whose com- 
ponents are the number hy, If we expand the determi- 
nants in powers of A, we shall have 


H, (4) = >) hay ?—*- (3) 
k=1 
We introduce the additional notation 
M (h) = >) eH) = Dp mar, (4) 
s=] I=] 


We consider, in addition to (1), the system of equa - 
tions 


D(p)y=/(s, t), ¢=M(p)y, (5) 


where D and M are the polynomials of (2) and (4) and p 
is the symbol for differentiation, 


Let 
,_ dy »_ ay 
oT" a VM aersss 
and the determinant composed of the numbers h,, be non- 
zero, Then, we have the relationship 


a = >) hi yl) - 


s=] 


(6) 


We now consider the columns 


{U;} = {H}, (7) 
{U3} =B {U}, erry {Uy} = Br {H} - BU n-4}, 
where B is the matrix whose components are the numbers 
Dea 
We denote by Ap the determinants consisting, re- 
spectively, of the columns {u,} ’ {u,} pceee {u,} ’ 
and by Ap the algebraic complement of the element of 
the sth row and nth column of determinant Ap. 
If we then solve system (6) for y and its derivatives, 
we get 


n 
yir—*) -— > Mka%a (8) 
a= 
where 
An 
Mn = F- (a =i, 2,...,8), (9) 


and the remaining quantities, Mpg, are defined by the 


recursion formulas 
n 


—- eT (10) 


a=] 


The derivations of formulas (6), (8), (9), and(10) 
are given in the Appendix, 

2, For solving various control problems which re- 
late to systems of the form of (1), it is convenient to 
make direct use of Eqs. (5) since, in every case, the com- 
putational work connected with the analysis of Eqs. (5) 
is simpler, As was noted earlier, Eqs, (5) can be written 
immediately if one knows the coefficients of the charac - 
teristic equation of linearized system (1) for f(a) = co. 

The subsequent transition from Eqs, (5) to the orig - 
inal system (1) is made by means of (6), and presents no 
difficulty. 

In particular, let us consider the question of de- 
termining the autooscillations in system (1) in the case 
of a piecewise-linear characteristic, In system (1), let 


{[(e,th=f(o)=ao+h for Gye H, 
(11) 





/ 
| 
i 
' 
: 
| 
i 





where the o, are given, Then the corresponding system 
(5) will have the form: 


[Dir — aM (p) |y —b; = 
for 9-,< M(p)y < 4. (12) 


With this, the search for continuous periodic solu- 
tions of system (1) reduces to the search for periodic 
solutions of Eqs. (12) which are continuous up to the 
(n-1)th derivative inclusive, 

If we give ourselves the type of periodic mode of 
operation and then find the general solutions of the cor- 
responding linear Eqs, (12) on each segment of variation 
of o, we can, by matching up the solutions, construct a 
system of transcendental equations for the determination 
of the autooscillation period and the time of motion on 
each portion of the nonlinear characteristic. The match- 
ing-up method does not differ from the methodology pre- 
sented in [1] as applied to system (1), However, the use 
of (12) significantly shortens the computational work in- 
volved in matching up and setting up the equations for 
the periods since, as is known [2], setting up the general 
solution of Eqs, (12) and its derivatives on each of the 
segments is much simpler than setting up the general 
solution of the original system (1). 

One can also seek the periodic solutions of Eqs. 
(12) directly in the form of trigonometric series by the 
method, for example, proposed by L, A. Gusev [3]. 

However, in the given case, there exists an essen- 
tial simplification. In [3], following M. A. Aizerman 
and F, R. Gantmakher [4], the author uses the derived 
equation of the form 


D(p)o —M (p) f(s) = 0, (13) 


which was obtained from (1) by differentiation followed 
by elimination of unknowns, With this there are periodic 
solutions of Eq. (13) for definite conditions which relate 
the discontinuities of the derivatives of o and f(o) atthe 
moments of switching (saltus conditions), In [3], the 
saltus conditions were given in the form 


(9}q, = Ug {5}q2 — Vy, (14) 


where {a bas is a column with values o -Mpbg/ (fn-aqg™mp), 
o,...,9(N-%) at time tq-0, {a} q, is the same col- 
umn at time tg + 0, tq is the time of the qth switching, 
Uy is a constant matrix, and V, is a constant column, 

By virtue of what has previously been said, the use 
of (13) as the derived equation allows one to replace the 
saltus conditions by the conditions of continuity of y, 
TVosevs y(n~t) at the moments of switching. If, for 


this, we set up the conditions analogous to (14), we shall 
have 
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UO,=-E, Va= (15) 








where E is the unit matrix, 

For (15), Eqs. (27) of [3], which are used fq 
the elimination of the arbitrary constants, are essentially 
simplified. Since the switchings occur for definite value; 
of 


7q = Sagiv (16) 


then, by eliminating the arbitrary constants, we arriveat 
equations for the periods which are analogous to Eqs, (30) 
of [3]: 


Cy (ty, Fas .6% tn) °4 giv (4. Yer (17) 


where ty, . . «» t are the moments of switching. 

If the times | are found, it is then easy to find y(t), 
Fi cscoe yin~s) (t), after which, using (6), all the x(t) 
are found, If Eq. (13) were used as the derived equation 
then, after finding the periodic solution 9(t), the quan- 
tities xj(t) could only be found by integrating the corre- 
sponding system of linear inhomogeneous equations ob- 
tained from (1) by setting 9 = O(t), 

What has been presented here may also be used for 
finding the forced oscillations of system (1) for the case 
of piecewise -linear characteristics, 


APPENDIX 


Derivation of the Basic Formulas 





For simplicity, we shall assume that the roots of 
equation D(A)=0: A= Ap (Pp =1,2,...,) are sim 
ple, and also that, for each p, an m is found such that 


Hm (hg) 00 


Then, by introducing new variables z, by the 
formulas 


3 


= 
= 
= 
-~ 
> 
.) 
~~" 





m™m 

; 4 1 
; 3, 8-2; Dim (Ap) qs 

D(x.) ” ° H,,(,) pay 


»v 
i 


(18) 


where Dym(A) is the algebraic complement of the kth 
row and mth column of determinant (2), we take system 
(1) to the canonical form of A, I, Lur‘e: 


° , M(A,) 
z,=A,2,+/(s), o= Va.) Zo. 


2 
I 


1 


’ (19) 





(15) 











sed for 
>ntially 
e values 


(16) 


irrive at 
Eqs, (30) 


r), QD 


find y(t), 
the x;(t) 
quation 
, quan- 
> corre- 
ons ob- 


used for 
he case 


cots of 
are sim- 
sh that 


y the 


0) Lis 
(18) 


the kth 
ike system 


(19) 





On the other hand, system (5) also reduces to the 
form of (19) by means of the transformation: 


n n—a 


UDG) 


yO) ax 


n 
= >) Bal. ¥*, 


a=1 


(20) 


where the B,,(A) are polynomials of the form 


Br=it, Bya=h+th, 
= (fi: +A)A + he, ee »» By, A= By n At Ses (21) 


By taking (18), (20), (21), and (3) into account, we 
can get 


n 


2, =D) Pray", (22) 
l= 


where the numbers Pho are written in the form 


- 
Pra = >} hy kgs (23) 
l-= 
where 
Fig = Sp_ pp, + M19 n_t45—2+ 49% Io—1°n—t 
(Alcan, i<s<n), (24) 


anc the quantities 9; are defined by the relationships 


"= BTU i 


By taking into consideration the well-known equa- 
tions for sums of the form of (25) [2] 


6, =0 (k=0,1,...,n—2), 
—_ =i, (26) 
‘re obtain 
ae 0 for l>s, 


Now, lets >i? +1, 


fe—2°n—1-1 +...4+ fn e—1—1 = 0. 


If we add this to (24), we find that 


Tis = Sn—I+s—1 + 119n_ 149-9 + eee “fb | a ‘ 


Then by virtue of (26) we have 


If we now take the identity 
i, 
Dh) D(i,) = 


and sum overall p, we get 


m),,=0 for s>1. (28) 


We obtain (6) from (22), (23), (27), and (28). For- 
mulas (9) can be obtained directly by solving system (6) 
for ys Y's ocee y-2) and then carrying out certain sim- 
plifications, Relationships (10) are obtained in the fol- 


lowing way. From (18) and (20) we have that 





ee 
_— ) am \""o . 29 
p) D (K,) Hm (,) (29) 


We set up the sum 





n — 
Y ae 5 Barges 
one pn Bot D (A,) Ha (A,) 


By reversing the order of summation and by taking 
into account the equation [5] 


> bapDay (A,) = A,Dpy (A,), 


a=| 


we obtain (10), 
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Methods are considered for the determination of discrete values of a linear system's transient response 
from its given Laplace transform, and for finding the Laplace transform from equally spaced given values of 
the transient response, These methods do not require that the roots of algebraic equations be computed. 


Posing of the Problem 





In solving the problem of analyzing the transient 
responses in linear systems with lumped parameters, great 
difficulty arises because of the necessity of calculating 
the roots of algebraic equations in order to make the 
transition from the transform of a time-domain function 
to the time-domain function itself. 

The use of the nethods of calculating the transient 
responses from frequency characteristics in such problems 
involves a significant amount of computation and graph- 
ical construction, 

There is thus great interest in numerical methods 
of calculating transient responses which would allow one, 
in many cases, to compute quite simply discrete values 
of the transient response without determining the roots of 
the characteristic equation, and without graphical con- 
structions, 

Among these methods are the approximate opera - 
tor method of G, S. Pospelov [1] and the similar meth- 
ods discussed in the foreign literature [2, 3]. 

The practical use of these methods is significant- 
ly limited by the fact that, to obtain sufficiently high 
accuracy of the computations, one must choose a small 
discrete step, which leads to a corresponding increase in 
the amount of computational work, since the computa - 
tions are carried out with constant steps, 

With this, to determine discrete values of transient 
responses, one must carry out the expansion of several 
fractions in series, 

The distinguishing features of the method proposed 
in the present work are the use of recursion formulas for 
the computations, and the use of a method for doubling 
the discrete step, 

In the solution of the problem of synthesizing lin- 
ear systems with lumped constants, the first question that 
arises is the determination of the transform of a given 
function of time, With this, due to the condition of 
physical realizability of such systems, the transform 
sought must be a rational fraction, 

Thus, the second task of the present paper is the 
finding of methods for the determination of the Laplace 
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transforms of functions of time in the form of exponen- 
tial polynomials which approximate the given time-do- 
main characteristics, 


Transforms of Transient Responses 





We shall consider impulsive responses, or regular 
parts of transient responses, which provide Laplace trans- 
forms in the form of rational fractions 


bop"—* + byp™* +----+ by, 
p" + a,p"—* ie ap"? + san 4. a, 





F (p) = (1) 
The expansion of these fractions in negative powen 
of p will have the form: 
Fp) = > + = -% n ae Fe = ko «eee 
The coefficients s,, which are the initial valuesof 


the function F(t) and its derivatives, satisfy the recursion 
relationship 


Sn4i + GySp—14i + AgSn—e4i + + Ans; = 0 
(ij 22 0, 1,2,.. .), (3) 
This relationship is obtained from the equation 
p™ + ap"! 4+- asp" +... +a,=0 @ 
by using the following systems of correspondences: 


l= pS, Ps, PP Sy... pi si... BO) 


If the transient response is characterized by the 
system of discrete values Fo, Fy, Fo, . ++» Fon-gs- +o 
corresponding to equally spaced values of the argument 
t, then one can set up the series 

rd F F Fy Fon 6 
F (m) = —° + 4 + —3 fev Et. 
where m=eP™ andr is the discrete step, 
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By converting this series to a continued fraction 
[4], one can find a fraction which converges to this series: 


Bom™—! + Bum"? +...- _ B 





(D (m) = “— (7) 


no HZ. w— Sk : 
m™ 4+- Aym t- Agm +A, 


The expansion of this fraction by negative powers 
of m will coincide with series (6) up the term Fen -;/m™ 
inclusive, if 2n terms were used in converting the series 
to a continued fraction, 

The following terms of this expansion will give 
the equally-spaced values of that nth-order exponential 
polynomial which, at the points Fos Fy, Fo, + + » Fon-4» 
assumes the given values, 

If the equally spaced values Fo, Fy, Fe... «» Fen-y 
are values of some nth-order exponential polynomial then 
by expanding fraction (7) in negative powers of m, one 
can compute the exact values of this exponential f poly- 
nomial, Fm, Fon +1» Fon + 2s Fen +Bree8 

For this, the equally spaced values of the function 
under consideration can be computed by means of the 
recursion formula 


Fasit AyPn—i4i + Aol n—opi +++ + AnFi = 0 


Gn 6, 4d biwees .. (8) 


which is obtained from the equation 


mn -|. A,m"—! + A,m"- ol eee -}- An = () (9) 


by using the following table of correspondences; 


m°->ky, m—->F,, 


»m'—F;,... (10) 


Thus, one can solve the problem of extrapolating 
an exponential polynomial given 2n equally spaced values, 
This fact allows one to develop a sufficiently sim - 
ple method of calculating transient responses by means 
of recursion formulas, 


m*— F.,... 


Method of Constructing a Recursion Equa- 
tion for Equally Spaced Values ofa Time- 
Domain Function 











Recursion equation (8),as was mentioned,can be ob- 
tained by means of Eq. (9). The coefficients of tis 
equation, Ay, Ag,...+ >» Ane are expressed, as is well 
known, in terms of its roots ePKT , 


A; = (e:* -+- ePat 4-..- +- ePn*), 
Ag = [elPrt pd * 4 elprt pd * 4... 4 efPn—1t Pn) *) 
An = (—1)rePrtPst tne 

It follows from this that coefficient A, of this 
equation can be exactly determined by coefficient a, of 


Eq. (4): A, = eo, 

However,the other coefficient cannot be determined 
in such fashion, For their computation, therefore, we use 
an approximate method, 

If we express the relationship between parameters 
p and m in the form of an approximate formula 


2m—1 
Sami’ 
then, after substituting this relationship in Eq. (4), we 
can obtain an Eq. (9) which is valid for sufficiently smalir, 

To increase the size of the discrete step, we trans- 
form this equation, The coefficients of Eq. (9) are com- 
binations of the roots ePKT , By setting up the analogous 
combinations of the squares of these roots, e*P*", we 
obtain an equation with a double step, 

The coefficients of the new, transformed equation 
are set up by the method, known in algebra, which was 
employed by N. I, Lobachevskii for solving algebraic 
equations of high degree: 


A = A?—2Azg, 

Aj) = A} — 2A,A3 + 2A, (11) 
AY = , — 2An—2An, 

Ag) = Ay. 


We thus obtain the equation for the double step 


a” 4. rer 4. AM m™— 4...4 AD = 0. 


From this, the recursion formula follows 


F on+i ++ Ay” Fon—s-4i ss 


+ As? Ponagi tees + AMF, = 0. 


By using this method of doubling the step several 
times, we can increase the discrete step by factor of 4, 
8, 16, etc., without decreasing the accuracy of the re- 
cursion formula. 

With this, the given method can be applied both 
at the beginning and during the course of the computa - 
tion of the transient characteristics, thus allowing, on 
the one hand, a sufficient accuracy of the recursion for- 
mula to be obtained and, on the other hand, a signifi- 
cant reduction in the amount of computational work to 
be realized. 

The initial equally spaced values of the time~-do- 
main function sought, these being necessary for the use 
of recursion formulas, may be first of all computed by 
means of the series 
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2 3 
F (t) = 59+ yt + 8357 +: 83-3 ete 
which is obtained by expanding the given function in neg- 
ative powers of p, With this, in order to simplify the 
computations, one can use equispaced function values 
for both positive and negative t, .e., compute F(T) and 
F(-T), F(2r),and FC2r), etc, 


Example of the Computation of Tran- 
sient Responses 








We illustrate the method of computing transient 
responses by the example of an electrohydraulic servo 
system acted on by a unit step function.* 


In this case, the Laplace transform of the function 
has the form: 


0.0035 p? + 0.37 p + 9.5) 
P\|p* + 103 p® + 3065 p? + 149250 p + 1081500) 





F (p) = 


By separating the pole of the function for p= 0, 
we get 


= . eee) 
F (p) = Tats | — Fs i} , 
— 
where 


9.5 p® + 978.5 p® + 25332.25 p + 1017720 


Fi (P) = Fa Tos p+ Bubs P® + 149290 p + 1081900 * 





The computation of the curve of the transient re- 
sponse will be carried out for the function F,(p). If, in 
. the system's characteristic equation 


p* + 103 p® -+ 3065 p* + 149250 p +. 1081500 = 0 


we make the substitution 
2m—1 
P= =m +i’ 
then, for the stepT = 0,005, we shall have 
m* — 3.5263 m® -- 4.6615 m* — 2.7283 m +- 0.5937 = 0. 


By employing the method of doubling the step, 
we get 


m® — 3.1118 m® +- 3.6754 m* — 1.9086 m? 4+- 0.3525 = 0. 


Thus, the recursion formula for the step T = 0,01 
will have the form: 


Faui= 


=3,1118 F,,,— 3.6754 F,,, + 1.9086 F,,,— 0.3525 Fy. 
We determine the initial values of the function 
sought by means of the series 
Fy (t) = 9.5 — 1892.5 2? — 1712 18 + 11221 24. 


We have Fy = 9.500, F; = 9.309, F, = 8.731, and 
F; = 7.760, Further computations are carried out then 
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by means of the recursion formulas for the step T = 0,01 
and also for 2r = 0,02 and 4r = 0,04; 





Foti 72-9325 Fy (94:4) — 2-3352 Fy ( 1-4) + 
+- 1.0516 Fy iy — 0.1243 Fy, 

Ff, (+t) = 0.770 F, (3-/-4) 0.796 Ff, (2-+4) + 
4+ 0.525 Fy 44) — 0.0155 Fy. 





The results of these computations are given in the 
table, 
The values obtained are close to the values com- 


puted by other methods (cf, the graph on page 50 of the 
book by V. V. Solodovnikov et al., Frequency Methods 
of Constructing Transient Responses using Tables and Nomo 
grams.) This accuracy can be increased if the initial dis- 
crete step is decreased, 

This example shows the efficacy of the method of 
doubling the step since, for computing this same curveof 
the transient response with about the same accuracy using 
the other approximate methods cited at the beginning of 
this paper, a significantly greater number of points would 
have to be computed, 


Method of Determining the Denominator 
of the Transform of an Approximating 
Function 








We now pose the problem of determining the 
Laplace transform of an exponential polynomial used to 
approximate a given time-domain characteristic of a 
system. 

The first step in the solution of this problem will 
be the determination of the denominator of the fraction 
expressing the transform being sought. 

Let the given time-domain characteristic be ap- 
proximated by an exponential polynomial for 2n equal- 
ly spaced interpolation points. Then, function (7) can 
be found for the given equispaced values of the time~do- 
main characteristic, Using this function, we can deter- 
mine any number of equally spaced values of the expo- 
nential nth-order polynomial which assumes the given 
values at the selected interpolation points, 

It is necessary for this that the function found be 
expanded in negative powers of m, or that recursion for 
mula (8) be employed. 

These equally spaced values can be used for the de 
termination of the coefficients of the system*s character 
istic equation 


p™ + ap") + agp” ++ +++ an = 0. 


* This example was borrowed from the book by V. V. 
Solodovnikov, Yu. I, Topcheev, and G, V. Krutikova, 
Frequency Methods of Constructing Transient Responses 
using Tables and Nomograms [in Russian} (Gostekhizdat, 
1955). 














































Table of Values of the Function F(t), Computed from the Formula 
1 










































































0,01 = 5—F 
F (t) 1081500 (9.5 — Fy (t)} 
* t 0.00 |0.01 |0.02 |0.03 |0.04 |0.05 }0.06 |0.08 |0.40 
F (t)-10® | 0.000/0.177/ 0.744 | 1.608 | 2.752 | 4.010 | 5.232] 7.189 | 8.016 
in the t 0.12 |0.16 {0.20 |0.24 |0.28 |0.32 |0.36 |0.40 |0.44 
com- 
ofan F (t)-10® | 7.733 | 6.236 | 6.918 | 8.858 | 8.998 | 7.956 | 8.419 | 8.978 | 9.086 
thods 
id Nomog « 
tial dis- If we use approximate formulas for the relationship be- or F D.F D.F 
tween the parameters m and p which give convergent frac- antt + DF on—agi + Dal ona F 
hod of tions for the logarithm, for example, 
surve of ~ 2m—i1 ~~ > mei +++ Dani i4i + Danl’i = 0, 
cy using PS mi’ P~ zm tam +i’ or 
a — 4 (m— 1)(m? + 4m + 1) Fngi + Gy an—a4i + GoF nrg + 
? peek} (a + 1) (en* + 10m + 1) * . ; 
++ee+ Fon—F 44 +- Gonl*; = Q. 
and substitute them in the sought system's characteristic 
ator equation, we then obtain, after some transformations, By means of these recursion formulas, one can de- 
1g termine the unknowns ag, a3,... , 4, Which enter into 
n ° nl * n—2 * 
m” + Aym™* +. Aym™* + the coefficients Ay | Dy, Gy. | . We note that coefficient 
a; equals 
the ° ° a eke 
used to +e+++ Any m+ An=0, si t In| An|. 
of a va For example, for the interpolation of a given time- 
domain characteristic, let there be used a second-order 
n will m™ + Dim? + Dym2n—? +- exponential polynomial which is defined by the four equi- 
raction spaced values Fo, F;, Fz, and Fy. Then, the function $(m) 
be a 4 +++ Denim + Den = 0, will have the ey F 
1- or @(m) = wt. 
equa m? + Aym + Ag 
hls m* +- Gymsn—; + Gam? + 
ime ~do- By means of this function, we can determine Fy, 
n deter F;, etc. Then, for the determination of the coefficients 
> €Xpo- + ++++Geyn_,m + Gon= 0. of the second-order characteristic equation 
iven 
8 p? + ap + a, = 0 
By using these equations and the table of corre- 
und be 
spondences given in (10), we can set up the recursion re- _— hy using the approximate equali 
sion for- y g pp equality 
lationships connecting a definite number of equipspaced . — 
« nr 
on the values of the exponential polynomial sought, Thus, we p= Friant t 
can obtain 
haracter- 
AP AP we obtain the following equation: 
F n— ia 2 i 9 , , 
n+i + 1 i4i 4 of" n—2+ + ae (Fai — Foy: 4 F)) + 
. * . 3 ’ , 
t++++ ApaFiys + Anfi = 0, + ay = (Papi + 4F ai — 4F 144 — Fi) 4 
+ de (Fass + BF 544 4+ 18F 244 + BF 144 4- Fi) = 9, 
V. V. 
kova, 
sponses 


khizdat, 













a, = min} Ae: 


For characteristic equations of higher order, the co- 
efficients are determined from a system of linear equa- 
tions, 


Method of Determining the Numerator 
of the Transform 








The determination of the transform’s numerator 
can be carried out by means of series whose coefficients 
are the initial values of the approximating function 


sought and its derivatives, or by the initial moments of 
this function, 


We consider the series obtain by expanding the 
function m&(m) in negative powers of m: 


m® (m) = 


Fot ht eet: — 4 


m 





+B 4.. 


n2"—1 


The coefficients of this series are equispaced val- 
ues of the exponential polynomial being sought. 





teP™(D (eP*) = t 


(Bo + Bi +--++ B,_,)— pt [mBo + (n— 1) By +---+ By) +-°° | 





If we expand the function m= = eXPT ina series 
and regroup terms, we get 









teP™D (e?*) = 






=(F + DA) —p Seer B De oOP, 6s d 
i=1 


i=] i=] 








2 3 
Pp" 
= Ty) — pm, +- i mM, — ay M3 t tee 






Here, my, Mg, and mg are the initial moments of 
the function. 

It is easily seen that the sums entering into the 
given expansion are approximate expressions for the ini- 
tial moments as defined by the trapezoidal quadrature 
formula. 

Thus, we shall have 








> F “ ° 
i (p) = (¢— =) — pm, + 5 Ms — m3 +++ 





An analogous representation can be obtained by first 
carrying out an expansion of the functions eXpT in the 
numerator and denominator of the fraction for m#(m) 
and the expanding this fraction in positive powers of p, 
l.e., 














= Ty 


It should be mentioned that the accuracy of the 
computations of the initial moments by such a method 
is higher, the higher the order of the moment, 

While this assertion can be rigorously proven, it is 
better to illustrate it by a simple example. 

Let it be required to determine the initial moments 
of the function e*, For this purpose, we expand the trans- 
form of the function in positive powers of p: 


1 
pri P+p—-:-- 
We now consider the interpolation of the given 
function by two points, t = 0 andt=1, The function 
Tm &(m) will then have the form 


= i~—pte 


mt tePt 


m — 0.36788  ¢P* —_ 0.36788" 








If we expand this function in positive powers of p 
we get 


teP*D (cP*) = 1.58198 — 0.92068p + 0.99615 p? — 
— 1.00108 p® + 1.00012 pt—... (+ = 1). 


By comparing the coefficients of the two expan- 
sions we easily see that the accuracy in the determina- 
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(+A, +---+4,)—ptla+m@—)A+---+4, 4) 4+ 


p? 
— pm, + a "es 






3 
F~ ms +++: 















tion of the moments rapidly increases with increasing 
order of the moment, even for a significantly large dis- 
crete step.T 

To determine the exact values of the lower-order 
moments, we can find an approximating fraction for the 
segment of the series whose coefficients are accurately 
defined, and expand this fraction in decreasing powers 
of p. By extending the expansion of this fraction, we 
can find the initial values of the function sought, plus 
those of its derivatives, 

The method given permits the determination, with 
very high accuracy, of both the numerator and denomi- 
nator of the first fraction expressing the transform of the 
approximating function sought. 

To determine the fraction which approximates a 
segment of a series, one can also use the denominator of 
the fraction obtained by the method of the previous para- J 
graph, 

Thus, one can obtain the series 



















F (p) = my — mp + mz i m3a, a +: 






T The initial moments are proportional to the correspond 
ing coefficients of the series. 

















The coefficients of the numerator of the Laplace The exact transform of the initial function has the 


















































































transform are determined from the coefficients of this form: 
series; 9 
bn—1 = Ang, F (p) = = >73eeap pO aBoe ee 
bn—2 = — AnM, + An—1Mo, 
— me In conclusion, we note that this same problem could 
On—s = On Fy — An—1My + An—aMoy be solved by computing moments of sufficiently high order. 
i's 0-6 € 6S 2 SO 2 eo In particular, by using the moments of second, third, 
fourth, and fifth order, we get 
wil Example, Let it be required to determine the a 2.0025 
Laplace transform for the exponential polynomial which F (p)= p? + 1.3836 p 4- 0.47907 ° 
an is characterized by the values 
he ini- Fo=0, Fy=i, Fg=i, Fg=0.75 for t=—1. 
ene CONCLUSION 
Solution, For the given equispaced values, we con - 1, The possibility was demonstrated of calculating 
struct the series transient responses by means of recursion formulas obtained 
— { 4. 0.75 on the basis of an approximate formula for the differenti - 
+a mM@eatotart: ation operator and the application of the method of dou- 
bling the discrete step, 
by first for which we determine the approximating second-order The method of calculating transient responses pre - 
in the fraction: sented here is highly accurate. 
16(m) © (m) = 1 2, A method was presented of determining the 
: of p, m? —m + 0.25 Laplace transform corresponding to an exponential poly- 
nomial by interpolating the given time-domain charac- 
By using the method presented earlier, we find the teristic for equally spaced points, This method can be 
denominator of the transform, in the form used for finding the Laplace transforms of functions which 
Q(p) = p* + 1.3863 p + 0.4793, are given graphically. 
To determine the numerator of the transform, we 
me use the expansion LITERATURE CITED 
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A GENERATOR OF RANDOM PROCESSES FROM THEIR GIVEN 


SPECTRAL DENSITY MATRICES 
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(Pardubitse, Czechoslovakia) 


(Translated from: Avtomatika i Telemekhanika, Vol. 21, No. 1, pp. 29-35, January, 1960) 


Original article submitted July 20, 1959 


A method is described for constructing a generator of n stationary random processes with arbitrary 
matrices of rational spectral densities, using a minimal number of uncorrelated white noise generators and 
stable linear filters, The transfer functions of these filters are determined by a very simple method from 
the given spectral densities. The method is illustrated by an example for the case when n = 3, 


Analog computers are frequentiy used for the 
analysis and synthesis of automatic control and regula- 
tion systerms which are acted upon by random functions 
of time. For this, the inputs to the computer must be 
random functions which correspond to the input random 
functions of the actual system, 

In this paper we shall consider only stationary 
random functions (processes) whose proper and mutual 
spectral densities are rational-fractional functions of the 
variable s = jw, In practice it is necessary to replace 
the experimentally determined spectral densities by ap- 
proximating rational functions, Methods of implement- 
ing such approximations are described in the literature 
(cf,, for example, [1, 2}). 

To study actual systems by means of analog com- 
puters (modeling devices), it is necessary to generate 
random processes with given spectral densities, The gen- 
eration of one stationary random process with a given 
proper spectral density is described, for example, in[2}. 
In [3] a method is given for reproducing two processes 
with given proper and mutual spectral densities, How- 
ever, with this method one can obtain two random pro- 
cesses with given spectral densities only in special cases 

In the present paper we present a general method 
for generating any number n of stationary random pro- 
cesses with arbitrary proper and mutual spectral densities, 


Generation of One Random Process 





The generator’s block schematic (cf. [2]) is shown 
in Fig. 1, where Q, is a white noise generator (a process 
with unit spectral density) and Fy, is a filter with trans- 
fer function Yj,(s). 


[4 }-—fi eat 
Fig. 1. 
The condition that the output signal u,(t) be a 


process with the given density 4G,,(s) is written in the 
form 


1Gy1 (8) = Yas (s) Yin (— 5) (1) 


Since 4G,,(s) is a spectral density, there exists just 
one function A;(s) which does not have poles and zeros 
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in the right half-plane and such that the following equa- 
tion holds 


A, (8) A, (— s) = Gy, (s) (2) 


(cf. [1, 2, 4}). By comparing this with (1), we obtain 
the well-known result (cf, [2]) 


Yi, (s) = A, (s), (3) 


wherein Y4,(s) is the transfer function of a stable linear 
filter with minimal phase. 

For the generation of several processes, it is some- 
times necessary to construct a filter with nonminimal 
phase. If we connect in series with the filter whose trans 
fer function is A,(s)a filter which varies only in phase, and 
whose transfer function has the form: 


f(s) 
f (—s)* 





H, (s) = (4) 


where f(s) is a polynomial then, obviously, the following 
relationship holds 


| 1; (s) P= A, (s) Hi (—s) = 1, (5) 


i.e., the spectral density of the output process is not 
changed, 

Thus, the transfer function Y4;(s) of filter Fy; can 
be written in the general form: 


Yi (s) = A; (s) 4, (s), (6) 


where H,(s) is any function of the form of (4) such that 
the function A,(s.)H,(s) is the transfer function ofa stable 
filter, 


Generation of n Random Processes 





Spectral densities of the random processes, We 
shall denote by "Gi, (s) (i, k= 1, 2,.., 1) the given 
proper and mutual spectral densities of the random pro- 
cesses u,(t), ug(t),... , Up(t). The functions 1G 1,(8) de- 
note the mutual spectral density of the processes u,(t) 
and u,(t), The functions 1G ids) form the matrix of spec 
tral densities || 1G iL (s) | Gi, k= 1, 2,...,m) [5). 
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From the self-evident relationship 


1G». (s) = Gx (— $) (s = jw) (7) 


we obtain 


1G 4; (8) = 2Gix (s) , (8) 


where the symbol * denotes the complex conjugate quan 
tity. Consequently, the spectral density matrix IG 4(s)!l 
is a Hermitian matrix, It is completely defined by its 
n(n + 1)/ 2 elements *G,,(s) (i= 1, 2,..,m; k= 1,i+1, 
~ +). 
The Appendix describes several properties of the 
spectral density matrix which are used in this paper. 








[a} {ir} 0u,(t) 
a} cf 
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Fig. 2 
Block schematic of the generator, The block 





schematic of the generator of n random processes is shown 
in Fig. 2. It consists of n uncorrelated (for example, 
statistically independent) white noise generators Qy, Qs, 

- » Qn (generators of uncorrelated processes with unit 
spectral densities), n(n + 1)/ 2 stable linear filters Fi, 
(i=1,2,..,m; k=i,i+1,.., ) with transfer func- 
tions YO) and n—1 adders S,(k = 2,3,...,M). Pro- 
cess u,(t) is found at the output of filter Fy, while pro- 
cess u(t) (k = 2, 3,.. .,m) is found at the output of ad- 
der S,. 

In order that the generator's output signals u,(t), 

U,(t), . . , Up_(t) be the processes with the given spectral 
density matrix || G(s) | (i, k= 1, 2,...n), it is nec- 
essary (cf., for example, [6]) that the following condi- 
tions hold: 


G11 (s) = Yur (s) Yun (— 8), 
1G12(s) = Yi2(s) Yin (— 8), 
*Goo (8) = Yi2(s) Yi2(— 8) + Yae (s) Yo2 (— 8), 


i,e., in general, 


i 
> Yin(s) Yn (—s) 


j=1 


1Gix (8) = 


er aes nose (9) 


The problem thus reduces to determining the trans- 
fer functions Y;,(s) of the stable linear filters Fix (i=1, 
2,..,m; k=i,i+1,..., m) such that system of equa- 
tion (9) holds, 

Determination of the transfer functions Yix(s). 
From (9), by setting i = 1, we obtain 





*Gx (8) = Yyx (8) Yr (— 8) (kh =1,2,..., ). (10) 
For k = 1, Eq. (10) is identical with (1), Conse- 

quently, in accordance with formula (6), 
V4, (s) = A, (s) H, (s). (11) 


By using (10), we find the functions Y;;(s) in the 
form 


Y x (8) = 5 41 (8) 


The function H,(s), of the form given in (4),issuch 
that all the Ya (8) (k= 1,2,..., n) are transfer func- 
tions of stable filters, We obtain a function H;,(s) of the 
least degree if, for the null points of H,(s) [the roots of 
the polynomial f(s)], we choose the set of poles in the 
right half-plane of the expressions 1G u(s)/ A;(-s) (each 
pole being chosen with the maximum multiplicity in 
these expressions), This completely determines the 
function H,(s) [cf. (4)]. 

To compute the transfer functions Y;;,(s) (i > 1), 
we define the auxiliary functions * * 4G. (8) (r = 1, 2, 

. » n~1) by the formula 


mah ) (k= 1,2,...,"). (12) 


T+1G,,. (s) = 1G, (s) — > Y x (s) Yi (—s) 


j=1 
ele *). (13) 


These functions obviously satisfy the recursion re- 
lationship 


HIG, (s) = "Giz (s) _ Y rx (s) YY» (— $s). (14) 
After substituting (13) in (9) we obtain, for r+ 1=1, 
'Gix (8) = Yin (8) Yu (— 8) 


(k=i, i+4,..., nm). (15) 
For k = i we obtain from this 


Gi (s) = Yu (s) Yu (— 8). (16) 


If follows from (16) that the function 'G,,(s) (1 = 2, 
3,.. ,» ) must be real and nonnegative: 
s= jo 
Gu)>0 (1735) OD 


It is proven in the Appendix that conditions (17) 
are met if the functions *Gii(s) form a spectral density 
matrix, 
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Since formula (16) has the form of (1), we define 
the functions Y;;(s) in accordance with formula (6) by 
the method described earlier: 


Yi; (s) = Ai(s) Hi(s), (18) 


where the functions A;(s) are defined by the equations 


Aq(s) Ai (— s) = ‘Gi (s) (19) 


just as A,(s) of (2), and the Hj(s) are as yet undetermined 
functions of the form of (4). 
By substituting - in (15), we get 


Yi. (s) = pe as 


i= ¢. 2, coeoy & 
(eet }: 

The functions H,(s) are defined by the conditions 
that all the Y;,(s) (k= i,i+1,...,m) be the transfer 
functions of stable filters [analogously to the function 
H,(s) }. 

Formulas (20) define all the transfer functions 
Yq, (8) GG = 1,2,...,m; k=i,i+1,..., >), In prac- 
tice, one first computes transfer functions Y,,(s) from 
the given functions 1G (5) (k= 1, 2,.., Mm), then deter- 
mines the auxiliary functions *G;,(s) from (14), then com- 
putes from these the transfer functions Y(s) (k = 2, 3, 

. +, M), etc, In general, the functions  *4G;1(s) are de - 
termined step by step from the 'Gi,(s) by formula (14). 
Transfer functions Yr + ;,k(s) are computed from these 
by formulas (20), 

Example, As an illustration, we use the example 
of the generator of three random processes whose spec - 
tral densities are given in the form 
2— s? 11s (8) = s? 

4—s?? es (3+s)(2—s) ' 


3g ti (s) 


(20) 


Gu (8) = 





2— s? 


‘Gia (3) = BPs) Q—s 








— 2s? + 2s 
jr Gn) = Ga Oa 












— 2s + 2s? 4 — 2s? 
Gas (s) = a. 'Gas (8) = Fe 
It follows from (12) that 
2 
Yn (s) = ¥ ~ Hy (s), 
s2 
Y = = H 
12 (8) (345) (V2—s) 1(s) 
2 
Yin(s) = At? aa), 


From the stability conditions we obtain, based on 
what has been presented earlier, 


Pa ef Lea 





V2+s° 


By this, transfer functions Y,;,(s) (k = 1, 2, 3) are 
completely determined. 
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From formula (14) we now compute the functions 
*Gin(s): 






— gs? nth a 


*Ga(s)= 7 *Gaa (8) = Ja 





(2 — s®) (15 — s2) 


= ©--7— s*) (9 — s?) 












From these, by (20), we obtain 





Yoo (s) = Tr Hy (s), Yes (s) = a A, (s). 






Consequently, we can set H,(s) = 1. This then de- 
termines functions Y2(s) and Y¢9(s). 

Finally, the following expression for 5Gs9(s) follow f 
from (14) 







p 





G33 (s) = 10 





(3 — 8?) (9 — s*) 


Vz 
5 Tr 


(V3 +s) (3+) 






From whence 








Yss(s) = Vi0 






The block schematic of the generator of the three 
random processes desired is shown in Fig. 3. 
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Fig. 3. 
CONCLUSIONS 





The method herein described for generating any 
number n of stationary random processes from a given 
matrix of rational spectral densities is a general meth- 
od, It permits one to construct a generator of random 
processes from any matrix of rational spectral densities. 

One easily convinces oneself that the generator 
contains the least number (n) of white noise generators 
Q; and the least number (n(n+ 1)/ 2) of linear filters Fix. 
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(In [3] there was described a generator of two processes 
which consisted of three white noise generators and three 
filters.) 

The generator‘s functional schematic (Fig, 2) al- 
lows the transfer functions Y;),(s) of the filters Fi, to be 


computed in a very simple way from the given spectral 
densities [cf, formulas (20)]. 


APPENDIX 


Certain Properties of Spectral Density 
Matrices 





For brevity, we shall formulate these properties in 
the form of theorems, From these properties one can 
derive results which are important for the construction 
of the random process generators described in this paper. 

Theorem 1, The functions FFEG (Ss) (i=r¢+1, 





+n; k= i,...,0 of Eq, (13) are defined by there- 
lationships 
1G11..1G, 1G, 
1G ++ 9G,,'G» 
1G, -- GiGi, 


r 


Ir 
sa dine aie (22) 
13G,,...1G 


A, = 


1G11..1G 
r 


rr | 


Proof, From (14), we get that 


r r 
G,, Gi. 
r r 
Gi, Gi, 


i ee 
CGik= Gr 








(23) 


The assertion of our theorem is proven by the meth- 
od of complete induction, It follows from (23) that (21) 
is valid forr= 1, 2,... We assume that (21) is valid 
for allr< m-1, For r = m, we obtain from (23) that 


m 
_ Ci. 
™G on ™Gix 


mm 





By assumption, we can assert the relationship 


(25) 





from whence 








(26) 










From Sylvester*s determinant identity we get 


1Gy ... 16,16 


im “1k 
m ™ 
=. 4 we al 
- a "aie ” | 8G rgeee "Gren 9G one . (27 
Gim "Gin : 
*Giiyes Gin Gy, 


By comparing (26) and (27) we immediately ob- 
tain the equation 


Gy...  "Gim "Gy, 
aii = — 
bs Cy An= 1G ene-+> “Gan “Ga (28) 
1G,, .. 1G. 1G 
eet tk 


which proves the theorem. 


Corollary of Theorem 1, By virtue of (21), we have 
the equation 





4, 
"Grr= Avy (r = 2, 3,..., ”). (29) 





Consequently, conditions (17) can be written in the 
form 





(r = 2,3,....n). (30) 


Theorem 2, A necessary and sufficient condition 
for the matrix || 1G | (i, k=1,...,n) to be a spectral 


density matrix is that it be a nonnegative Hermitian 
matrix, 

For the proof, cf. [5] and [7]. 

Theorem 3, A necessary and sufficient condition 
that a Hermitian matrix be nonnegative is that all its 
principal minors be nonnegative. 

For the proof, cf., for example, [8]. 

Theorem 4, If || *Gy I] (i, k=1,2,...,m) isa 
spectral density matrix then, for any r= 2,3,...,M, 
the matrix || Gi, Ml (i, k=r,r+1,...,M) (cf, (21)) 
is also a spectral density matrix. 

Proof, The validity of the following inequality is 
a consequence of theorem 3; 





A, >0 


(r = 1,2,...,n). 


(31) 


From Sylvester*’s determinant identity, one easily 
proves that all the principal minors of matrix || "G;,, {I 
are nonnegative, We then obtain the assertion of theo- 
rem 4 by using theorems 2 and 3,° 

Corollary of Theorem 4, If all the matrices 
ll "Gi, ll (= 2, 3,..., nm) are spectral density matrices, 
then inequalities (17) and (30) hold, It suffices for this, 












* The validity of theorem 4 follows directly from (13), 
since it is easy to determine the random processes for 


which the spectral density matrix is the matrix || *G;, || 
(i, k=r, 


Ter," 
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by theorem 4, that matrix || *G;, || be a spectral density 
matrix. It follows from this that, using the method de- 
scribed in this paper, one can construct a generator of 
random stationary processes with any arbitrary matrix of 
rational spectral densities, 
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WITH RANDOM STIMULI 
P. S. Landa 


(Moscow) 


ON THE STABILITY OF SERVO-CONTROLLED SYSTEMS 


(Translated from: Avtomatika i Telemekhanika, Vol. 21, No. 1, pp. 36-41, January, 1960) 


Original article submitted April 13, 1959 


Excitationconditions are found for servo systems containing nonlinear backlash-type elements, The prob- 


Due to feedback paths, both designed and para- 
sitic, and also to the various types of nonlinear elements, 
automatic control systems which are stable for small os- 
cillations can be excited by large disturbances, Such sys- 
tems with rigid excitation have, for even relatively small 
fluctuating stimuli, a finite probability of being excited 
to autooscillation during a given time interval. There- 
fore, the solution of the problem of computing this prob - 
ability is of significant interest for the rational choice 

of the parameters of such systems, 

The problem posed may be solved comparatively 
simply in the case when the object of control is an os- 
cillatory system with one degree of freedom, and the 
controlling organ contains some nonlinear element, for 
example, backlash, dry friction, etc. 

In this paper we use, as an example, the system 
whose block schematic is shown in Fig. 1. The dotted 
line denotes the additional feedback path between the 
controlled object’s motion and the control organ in this 
system, The character of this feedback is defined by the 
coefficient 8 which, in general, can be complex, For 
simplicity we shall consider 8 to be real, but the method 
is easily generalized to the case when 8 takes on com- 
plex values, 

We shall assume that the controlling stimulus g(t) 
varies very slowly in comparison with the system’s nat- 
ural frequency of oscillation, It may then be neglected 
in writing the system's equations, With this, the system 
under consideration, as is clear from Fig. 1, is described 
by the following equations: 


Z + 28z + wx = kz, —w% (2), 


z = be, e=fpr—z, z,=/f (2), (1) 
where €(t)=—w? €,(t)/k is a stationary random function 


with zero mean and f(z) is the backlash characteristic 
(Fig. 2), 
We also assume that 


b>, (2) 


i,e,, the servo motor's time constant is small in com- 
parison with the natural time of the controlled object, 






ability of excitation of such a system when noise is present is computed as a function of time. 


If a = 0 (no backlash), the system becomes linear 
and the following conditions for oscillatory instability 
can easily be written for it: 


B<0, k > Sete) = hy, (3) 


where a = w/b (with this, the excitation is soft), 

If a # 0, the system becomes stable for small os- 
cillations about the equilibrium position, However, for 
definite values of k, even if conditions (3) do not hold, 
rigid excitation of oscillations is possible in the system, 

In this case, we shall find the excitation conditions 
and the system's steady-state oscillations in the absence 
of noise, and also the probability of system excitation as 
a function of time and of the magnitude of the noise. 
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Fig, 1, Block schematic of a servo system, I is a servo 
motor of the hydraulic amplifier type, Il is a nonlinear 
element of the backlash type, and III is the controlled 
object, 


For this, we use the method presented in [1, 2],and 
we write the contracted equations for the amplitude and 


phase of the oscillations, wherein we_define the latter in 
the following way: 


z= Acos(wt+¢), «= — Awsin (wt + 9). (4) 


By virtue of assumption (2), we can express the 
coordinate z in terms of A and ¢; 


ot wiles 
t= Fee A cos (ut ++ 4), (5) 
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where 
?=are tg(—a). 
By substituting (4) in (5) and expanding the func- 


tion f(z) = F(t) in a Fourier series in t, we obtain equa- 
tions in the coordinates (variables) A and ¢: 











ae Si kBC . 
A=—85A = Vvitw Asiny+&, (6) 
—_—— | | ae eo 
ee aaa “ 


Here, we have introduced the following notation: 


BA 




















wre 0 for Vira = 
={, : 

— Y (u?— 1)? + v? BA 

= ( ) for Vicar” 

F, (u) aVi+a? 

Sx Tt) u=1—2—T 
v= * —arcsinu+uVi—w, 
BA 

0 for Vizai S% 

eo ti—ut) for TP Sa, 


— and €* are 5-correlated random functions with zero means 
and correlation function K(t) = 247! 5(r), where ~t= 
= w*k (w)/4; k(w) is half the spectral density of the 
noise &(t) at frequency w, 
Equations (6) and (7) are valid (cf. [1, 2]) with 
the following assumptions, 


f(z) 








Fig. 2. 


1, The oscillations in the system are almost har- 
monic, i.e., Aand ¢ slowly vary during the period. This 
requirement corresponds to the condtions: 


3 , k1 BI 

o <i aia, <' 
V@< Ay for Toor > = ’ (8) 
V wx (w) < Ay for Toor < = ; 


where Ag is the amplitude of the unstable limiting cycle 
and T oor is the correlation time of the noise &(t), 
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2. The cortelation time of the noise is small in 
comparison with the system's relaxation time, i.e., 





w (1 + a?) 
kip, ° 





1 
Tcor< . and tcor < 


Since the right side of Eq. (7) does not depend on 
¥, this expression can be considered as the correction to 
the system's frequency of oscillations: 


i oe | ee 
20 Y 1 + a? 





cosy + 


The presence of the random stimulus in the right 
side leads only to fluctuations of the frequency about 
the mean value 


Wp = w -+- Awme:, 


where kBC 
——— COS Xe 


A — —___——_—— 
me= 20 Vi+ a? 


By virtue of conditions (8), Aw». “ w. 

To answer the question of system stability, it suf- 
fices to investigate only Eq. (6), since it does not depend 
on ¢, 

With no noise present, the magnitudes of the limit- 
ing cycles are determined from the equations 





k3 
Be: ie aan sal 
=yTTo C sin x 
or 
4 2 
Fa w= (9) 


The graph of the function F(u) as a function of u 
for various values of a is given on Fig. 3. The function 
Fo(u) has an extremum at the point ug = a/V(l+ ae ° 
equal to Fa(ug) > 1. Consequently, as is clear from the 
graph, limiting cycles are possible with the conditions 


2wd (1 + a?) ko 


P< 9, [BlaF, (uy) Fa (uo) ° 


k> 





The points of intersection of the line defined by 
the right member of Eq. (9) with the curve Fy(u) give 
the amplitudes of the unstable and stable limiting cycles, 
where the left point corresponds, as is easily shown, to 
the unstable cycle. 

If k > kp, which corresponds to the condition for 
excitation of oscillations in the absence of noise, then 
there is no steady-state stable mode for the system. If, 
however, ky/Fox(ug) < k < kp then, with backlash in the 
system, it is possible to have autooscillations with sta- 
tionary amplitude whose excitation occurs rigidly. Using 
the method suggested by R. L. Stratonovich (cf, [1, 2]) 
for the approximate solution of the Fokker- Planck equa- 
tion, we compute the probability of system excitation 
when it is stimulated by a random force, 
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It is necessary for this to impose additional condi - 
tions on the magnitude of the random stimulus: 











4 
—- » a= < Ap, 10 
Vis <4 Vik ~ 0 (10) 
where aU (A) 
K=——3 cae 
U (A) =3” ma F, (u) a 
~ 2 @fp] ) (i—ue 


We now write the corresponding Fokker - Planck 
equation for the amplitude's distribution density w(A,t): 


dw soG 1 
3A tn 

where 
te kBaF, (u) 1 dw 
G=—[s4 ee) Aw +57" ae 


As follows from [2], the probability of system ex- 


citation at time T <t equals q(t) = 1—e~ 7 a where 
~= Go |A=mAys 
kB, F, (u) 4 1 dw 
Go=—[S+ 50am] 4M + are Ga 


and, as wg@(A), one can take as an approximation the 
steady-state solution of the Fokker-Planck equation with 
zero boundary conditions; 


Go -_ 
dA , 
Ae 
wy (Ay) = 0, \ wo (A) dA = 4. (12) 
0 
By virtue of the zero boundary condition, we obtain 
the simple expression for y: 
_ 1 dp 
oT ae ee 


Since, due to conditions (10), we consider the noise 
to be quite small, we can assume that the effect of the 


zero boundary condition on the course of the distribution 
density wo(A) is limited to a narrow region close to the 
boundaries characterized by the inequality AA < 417XK. 
It is natural to assume that, outside of this region, w9(A) 
coincides with the steady-state solution of Eqs. (12),w(A), 
which satisfies the condition that it vanishes at infinity. 


As one easily convinces oneself by direct substitu- 
tion in (12), 
w (A) == CAe~ U4), 
The normalizing constant C can be computed ap- 
proximately by using conditions (10): 
A, 
CA me | Am dA wt, 


AB * 
0 


Based on what has been said earlier, we can set 
109 (A) = w(A) w* (A), (13) 
where w*(A) is a correction factor, equal to zero for 
A = Ao and equal to unity for Ag-A > 1/7 XK, 


By substituting (13) in (12), we obtain the equation 
for w* (A): 


d dw* 
pa (ws) = 0 (14) 
with the conditions : 
w* (Ao) = 0, w*(A)=1 for A,—A> Vik . (15) 


We also note that 








dwo ele 
a w(Ad) Tq iA arm it 
We can now write the first integral of Eq. (14): 
d * 
w (A) a =— by. 


To determine the magnitude of y, we use condi - 
tions (15): 
| 
w* (A) = C1 dy 
la—as) SK 


+ AU (A) = 
y dA 


> 


1(A,) — 
TTA x,et i. 


From whence 


y= 0A, Y/ BE im, 


aak dF, (u) 
Aw Vi + a? du 


where 


=> 








PO Ta 


Thus, the probability of system excitation during 
any given interval of time is completely determined, 
Knowing it, we can easily compute the average time 
during which the system is excited, It equals tay = 2/y. 


SUMMARY 


1, The presence of backlash can lead to undesir- 
able system excitation, 
2. The excitation is rigid. 


3, Even for low noise, one can cite a time inter- In conclusion, the author wishes to thank Prof, S,P, 


val during which the system is excited with probability Strelkov for the posing of the problem and for the very 
arbitrarily close to unity. useful discussion of the results obtained. 
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ON UNKNOWN PARAMETERS 
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A method is presented which, in many cases, allows one to use linear theory for obtaining, in the presence 
of noise, an unbiased estimate of a signal which depends nonlinearly on unknown parameters, 


In [1-4], the problem of obtaining, in the presence 
of noise, an optimal, in some sense or other, estimate of 
a signal which is a linear function of unknown parameters 
was solved, In many cases of practical importance, the 
signal is a nonlinear function of these parameters, The 
general solution of the corresponding nonlinear problem was 
obtained by V. S, Pugachev, * 

However, there is a definite practical interest in 
artificial ways of effectively solving the problem in cer- 
tain cases by using the well-known linear methods of sta - 
tistical dynamics, One such method {s presented below. 
The method allows one, for example, to implement suf- 
ficiently simply an unbiased filtering of a random pro- 
cess whose signal satisfies a nonlinear differential equa - 
tion of a definite type with unknown initial conditions, 
The method can be used for smoothing, without dynamic 
errors, the coordinates and velocity of Sputniks and cos- 
mic rockets during their unpowered flight phases, etc, 


Description of the Method 





A random process Z(t) is observed, its form being 
Z (t) = D (cy, Ca, «.~ » Cny t) + m (0), 


where @ is the signal, the c,, are random parameters, and 
m(t) is the noise. 


Let it be possible to give a transformation I which 
n 


takes @ to a function of the formS! c,W, () withthe 
k=1 
W;,(t) known a priori, and a transformation II which,when 
applied to the result of an application of transformation 
I, leads back to the function @, In addition, we shall as- 
sume that the random process Z,(t) which results from 
the application of transformation I to Z(t), may be pre- 
sented approximately in the form 


n 
Z, (t) = S\ceW (t) + mi (0), 
k=1 
where m,(t) is a random noise process whose correlation 
function can be expressed in terms of the probability 
characteristics of the noise m(t), 
Then, a scheme for obtaining an unbiased estimate 
of the signal can be constructed in the following manner. 
1, We apply transformation I to Z(t). 
2. We apply Z,(t) to the input of an optimal un- 
biased filtering link, constructed in accordance with the 
well-known linear methods on the basis of the data on 


the functions W,(0) and the correlation function of the 
noise m,(t); after the selected memory time T of the 


link, we obtain at its output the function > CxW, (t) 


ke] 
with a decreased random error, 


3. We apply transformation II to the output of this 
link, 

The realization of the sequence of operations just 
described allows one to construct, with time lag T, the 
function @(cy,C9,...+ >» Che t) without dynamic errors and 
with decreased random errors only if transformation IIin- 
significantly “increases” the noise at the output of the 
optimal linear link. 

Let it be known that the signal @ satisfies a non- 
linear differential equation of the form 


a, (t) at + a, (ne + 


+-+++ a, (t)O = F[t, Oj (1) 
with unknown initial conditions 
c= D0), c= OD" (0), ..., en =O” (0). 
Because of the presence of the function F(t, ®) in 
the right member of (1), the signal in the case undercon- 


sideration is a nonlinear function of the unknown param- 
eters Cy, Cg, . «+ » Cp It follows from (1) that 


D (C1, Cay «0+ » Cny t) 


- t 
=VaW. + |W VF (Od, — 
kel 0 


where Wi (t) is the solution of the homogeneous equation 


a’w, rw, 


sa Oa + o*> +O HW. oO 


Ap (t) 71 





with initial conditions 
fi 

1 for m=k, 

and W(t, T) is the impulsive response of the correspond- 

ing linear dynamic link, 


*In a paper given February 16 and March 2, 1959, at the 
seminar on probabilistic methods in automatic control 
theory of the Institute of Automation and Remote Control 
of the Academy of Sciences of the USSR, 













It is clear from (2) that transformation I should be 
defined by the relationship 


t 
Z,(t)=Z(t)— \ W (t,t) F[t, Z(x)]dz, (3) 
0 


and transformation II by the relationship 


t 
Zs (t) = Z(t) + \w (t, <)F[t,Z(s)]de, (4) 
0 
where Z*(t) denotes the result of optimal unbiased filter- 
ing of the process Z,(t), After time T, given by the solu- 
tion of the optimization problem, Z,(t) will differ from 
O(Cy, Co, oes Che t) only by a random error. 

As a rule, one can approximately set m,(t) * m(t) 
only if the link with impulsive response W(t, T ) possesses 
essential filtering properties, and F[t, @] is of the same 
order as @. Analogously to what has been presented, one 
can obtain an unbiased estimate of the result of applying 
any given linear operator S to the function 4. 

In this case 

t 
Z(t) = Z(t) +8 {\ W (t,t) F(t, Z(2)] ax}, 


0 


where Z*(t) is the optimal unbiased estimate, after time 


lag T, of the function s{y Cy.W (|. 


k=1 


We note that, for a given function (cy, Cg... 
Cp, t), the corresponding nonlinear differential equation 
can be found by eliminating the parameters c), from the 
following system of n + 1 algebraic equations: 


DM = D (cy, Co,...5Cn, 2), 





d® 4 

at = OD, (c,, Co, +--+ Cny t), 
d"® 
at” = a” (¢1, Ca, ne | Cn) t). 


However, a direct application of the transforma - 
tions of (3) and (4) can only be used for obtaining an un- 
biased estimate in the case when the nonlinear portion 
of the differential equation obtained depends only on ® 
and t. 

By using the Jacobian of the functions 4, $?,... 
with respect to cy, Cg,... , one can obtain an analytic 
expression for the condition cited, 

For n = 1, this condition is always met, Thus, if 
for example, 





then 
d® c 


d® 
a ~ FH ond tt Om Mm. 


If, to the method presented, one adds the optimal- 
ly determined derivatives of the function Z,(t), one can 











then, in conjunction with the method of successive ap- 
proximation, obtain an unbiased estimate even when the 
nonlinear portion is a function of the derivatives of the 
function ®. 

Obtaining an unbiased estimate by the scheme pre. 
sented above does not require that a nonlinear differen- 
tial equation be solved. Therefore, in the example to 
be considered below, the use of the scheme allows a cop. 
crete engineering problem to be solved in an uncompli- 
cated way. 








Determination of the Smoothed Values of 
the Elements of a Sputnik's Trajectory 








We now construct a methodology for determining, 
without dynamic errors, the smoothed values of the poti- 
tion and velocity of a Sputnik, For brevity we shall con 
sider the problem in a plane; taking nonplanar motion 
into account for the smoothing engenders no difficulties, 

Let x and y be the coordinates of the Sputnik with 
respect to a rectangular coordinate system passing initial: 
ly through the center of the earth but not rotating withit 
If one neglects the atmospheric braking of the Sputnik 
and the effect of the nonsphericity of the earth, then x 
and y satisfy the nonlinear differential equations 


fan — ght? ——.. , (5) 
(z? + y*) 


y =—gh*—— 





3? (6) 
(x? 4 y*)* ; 
where R is the radius of the earth; g = 9.81 meters/ sec’, 


Therefore, x(t), for example, is described by the 
formula 





t 
x(t) = £(0)4+2(Q)t—[ SEK PEO de oy 
° [22 (=) + y*(t)]* 


or by the formula 
7(0) .. 
x(t) = x (0) cos wt + =o sin wt — 


1 x} de 


3.)CORS 


[22 (zt) + y® (x)? (8) 


— 1 faneg— sero! 





where w = 1g7R. 
In formula (8) the portion of the signal which de- 
pends linearly on the nonlinear parameters x(0) and %(0) 
is separated more completely than in formula (7), How- 
ever, the effectiveness of the filtering turns out to be 
practically the same, whether (7) is used or (8). We may 
therefore use formula (7) which provides a simpler form 
of the linear operator which implements optimal unbi~ 
ased filtering of the result of transformation I. Let the 
following random process be observed 
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Let the 


Z(t) = x(t) 4- my (4), 
where m,(t) is the random error in measuring the co- 
ordinate x(t) by terrestrial radar (radio) and optical 
means, 


It follows from (7) that transformation I is defined 
by the relationship 


gR* (t — t) Z,. (t) 





Zsx (t) = Zx (0) + \ 





= dt, (9) 
° (Z(t) + Z5 (s))* 
and transformation II by the relationship 
t 
— gR?* (t — t) Z,, (t) 
Zuo (t) = Z;.(t) —\ ds. . (20) 


©[Z2 (x) + 23 (x))> 


The nub of the problem under consideration is that, 
in the given case, the function W(t, T) does not possess 
the filtering properties [with the use of (7) or (8), W(t, T) 
equals, respectively, t-T or sinw(t-T )/w. Therefore, 
the dispersion of the noise m,,(t) contained in Z x,(t) in- 
creases without bound in the course of time. 

However, if T is limited by some value complete- 
ly admissible for practical purposes (cf, the Appendix), 
then mx,(t) coincides in practice with the noise m,(t). 
Therefore, with the known correlation function of the 
noise m,(t), it is easy to construct a scheme which takes 
Zx3(t) to Z¥(t), which is the optimal unbiased filtering 
of the random process whose signal is a linear function 
of time. 

In the case of the limitation on T already men- 
tioned, transformation II does not in practice decrease 
the efficiency of this filtering. 

In an analogous way, one carries out the unbiased 
filtering of the random errors arising in the measurement 
of coordinate y. If it is necessary to find V,(t) and Vy(t), 
the projections of the Sputnik’s ve locity vector, then 
tansformation I, as before, is described by relationship 
(9), and transformation II takes the form 


g RZ. (7) 





t 
V3 (t) = V3) —\ = dr, 


© [22 () + 22 (x)? 


where V$(t) is the result of unbiased optimal differentia - 
tion of random process Zx;,(t). 

If the lack of sphericity of the earth is taken into 
account, the smoothing scheme remains unchanged only 
if the constant g in the formula is replaced by a function 
of x and y, defined by well-known relationships of poten- 
tial theory. To take into account the braking of the 
Sputnik by the atmosphere, one must add, to the right 
members of Eqs,(5) and (6) and, certainly, to the inte - 
grands in (9) and (10), terms which depend, not only on 
x and y, but also on Vy and Vy, The forms of these 
terms are known if we know the density of the atmosphere 
asa function of x and y, and the drag coefficient as a 
function of V. With this, the smoothing method is some- 


what complicated, it being required to use successive ap- 
proximations, and may be laid out in the following way, 
First, using the method given above, wherein the brak- 
ing force is not taken into account, we find V, and V 
with some dynamic error, The values of V, and V 

found are used to construct terms in which this force is 
taken into account, these terms being added to the inte- 
grands in (9) and (10), after which the process is repeated, 
resulting in new, more accurate values of Vx and Vy. 
By carrying out this process several times, we obtain 

Vx and Vy practically without dynamic errors, and with 
random errors defined, for limited T, on the basis of the 
random errors of the optimal differentiation, We may 
note that frequently one need not use successive approxi - 
mations but may, instead of V, and V,, use the results 
of numerical differentiation with specially chosen incre - 
ments of the observed quantities Zy and Zy. 

The method can also be used, without change, for 
obtaining smoothed values of the coordinates and the pro- 
jections of the velocity of cosmic rockets (space probes) 
describing complicated paths under the influence of the 
gravitational fields of earth and several other heavenly 
bodies, In this case, the right members of Eqs, (5) and 
(6) contain terms which depend on x, y and on the cur- 
rent value of t, these terms taking into account the vari- 
ations in the coordinates of these bodies with respect to 
the earth during the course of the smoothing process, 


APPENDIX 


We denote by A(t) the random component con- 
tained in the integral terms of formulas (9) and (10) due 
to the presence of the random errors m,(t) and my(t) and, 
by 02(t), we denote its dispersion, 

We assume that, in practice, the magnitude of 
x? + y* is several orders of magnitude greater than the 


2 2 
quantity 2(xm, + ymy) +m, + My. Thus, 


! gR? (t —t)m, (1) 
awy~(* \ ms - dt 
® fa? (t) + y%()] ? 





and 


at? 
2 \ \ (¢ — t))(t — te) 9, (41, T2) dt, dtg, (11) 
0 


0 


oA (t) < 


= 


where ¥,(t;, tg) is the correlation function of random 
error m,(t). 
We assume that 


Px (t;, ts) = ose Tetd, 


It follows from (11) that, in this case 


g 2 i i 
oy () Sof V Heat —ate vt 





2 
+ ai(1—e™). 


(12) 
For definiteness, we set y = 1 sec™!, and we shall 
assume that, in constructing the scheme for the optimal 
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unbiased filtering which takes Z,,(t) to Z(t), and for 
computing 3%, the dispersion of the noise at the output 
of this scheme, we can ignore A(t) (m,(t)*™ mx,(t)), if 


#4 (t) <0,4 09. (13) 


It follows from (12) that (13) holds for t < 1900 
sec, In this case, the optimal circuit's impulsive re- 
sponse is easily found, and 


24 + 247T + 8y*T? 
-toparrerept OM 
where T is the memory of the optimal circuit and 0% 
is the dispersion of the noise contained in Z(t). 

It follows from (12) and (14) that the addition of 
an integral term in correspondence with formula (10) to 
the output of the optimal circuit does not, in practice, 
increase the random error, if t = T < 500 sec, There- 
fore, the memory of the optimal circuit should be de- 
fined by the conditions 


T=t for #< 500 sec, 
T=500sec for ¢ >500 sec. 





In this case, formula (14) can be used to define 
the dispersion of the random error in the smoothed co- 
ordinates of the Sputnik, 

Starting with time t = 500 sec, the lower limit of 
the integrals in the right members of formulas (9) and 
(10) should be replaced by t-500, 

It is shown analogously that this same choice of 
T allows one to neglect A(t) in the determination of V, 
also, Then, the impulsive response of the optimal dif- 





ferentiating circuit is easily found, and 9%, the disper. 
sion of the random error in the determination of the pro. 
jections of the Sputnik's velocity, is described by there. 
lationship 
2+ y7T 
2 2 
oy = Ody ST paar + BT ey T** (ay 





If, for example, we choose 0, = 1 km, we get 
from (14) and (15) that, after 200 sec of receiving in- 
formation from the Sputnik, one can find its coordinate 
and the projections of its velocity without dynamic emp, 
and with random errors characterized by the quantities 
0, = 200 m and Oy = 1,7 m/sec, 
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We consider a periodically connected control system which contains a link whose gain decreases mono- 
tonically with time, We introduce the concept for the quasi-majorant closed control system for which, using 


the root-locus method, we choose a correcting circuit. 


Posing of the Problem 





We assume that the control process lasts for time 
T, after which the control system returns to its initial 
state, and the process is again repeated when the controlled 
object is subjected to the same, or to an analogous, per- 
turbing movement. 

In the general case, the open-loop control circuit 
consists of two series-connected links: link I with trans- 
fer function 


Il (s+ 2;) 
G(s) = =1—__ 


II 
Pan (s + p,) 


, (1) 


where n = m, and the pj lie in the left half of thes plane, 
and link II, whose variable gain decreases monotonically 
with time in accordance with the law 


= = 
(t+ a)" 
The quantity r lies within the limits 1 <r < 4, 
and depends on the telecontrol method being used, 


To simplify the analysis, we replace link II by link 
II* , whose gain varies in accordance with the law 


K,(t)= (2) 


t 


K*(t)= Ae *. (3) 


The coefficients A and T are so chosen than K,(0)= 
= Ky*(0) and K,(T) = K,°(T). Then 


_ X, T 


=S = — 


a* ’ ee 
In(1 + =) 
and 


K3(t)= At exp |—-r In(1+ =). (4) 


It follows, from the properties of exponential func - 
tions, that 


K,() > K,(T) for O<t<T. 


The system thus obtained, consisting of links land 
I* , will be quasi-majorant* with respect to the initial 
system with link IZ. 












































Fig. 2 


Since function G(s) has no poles in the right half- 
plane, the closed-loop system with link II* (Fig. 2) will 
also be quasi-majorant with respect to the closed-loop 
system with link I, 

If a signal U,(t) is applied to the input of link I of 
the open-loop system then, at the output of link II* , one 
obtains the signal U,(t), whose Laplace transform has the 
form: 


U;(s) = AG (s ++)U,(s+-+). (5) 


Thus, the exponentially decreasing gain is equiv- 
alent, in the open-loop system, to a shift to the left by 
the amount 1/T of all the zeros and poles of the trans- 
fer function and of the disturbing stimulus, It is obvious 
that, if the zeros and poles of the disturbing stimulus are 


* A system will be called quasi-majorant with respect to 
another system if the envelope of the first systems tran- 
sient response completely contains the transient response 
curve of the second (given) system, For example, the 
system which gives the transient response corresponding 
to curve I on Fig, 1 is quasi-majorant with respect to the 
system giving curve II for its transient response, 
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Fig. 3. O is a simple pole,@ is a double pole, and X is a simple zero. 


shifted to the right by the same quantity, 1/r , then the 
curve of U$(t) which one obtains in this case will be 
quasi-majorant with respect to curve U;(t) corresponding 
to Eq. (5). The system with open-loop transfer function 
AG(s + 1/r ) will, after closing the loop by a feedback 
path, be quasi-majorant with respect to the initial system 
(Fig. 2). Therefore, one can make certain estimates of 
stability and transient response quality for the initial sys- 
tem by investigating the quasi-majorant system obtained, 

We use the following concrete example for show - 
ing the method of synthesizing such control systems, 

Let link I*s transfer function have the following 
form: 


G(s) = (s + 21) 


$3(3 + pr) (8 + Pa) (s+ ps) (8? + 20,5 + 05) ' 
(6) 
where z; = 4, p, = 6.7, pg = 8, ps = 20, © = 0,101 and 
Wy = 12,65/ sec, 
The gain of link II varies in accordance with the 
following law: 





Ko 


Ky (t) = t+a’ 


(7) 


where K, = 2+ 10° and a = 0,2 sec, Operation time is 
T = 10 sec, 
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It is necessary to so choose a series-connected cor- 
recting circuit that, after closing the loop with a feed- 
back path, one obtains a relative damping coefficientT 
for the system of not less than 0,2 for any pair of com- 
plex poles, 


Root Motion Analysis of the Closed-Loop 
System 


We draw the positions of the zerosand poles of function 
G(s) on the complex s= (9 + jw) plane (Fig. 3), Thear- 
rows on the curves show the direction of motion of the 
poles as K,,., increases, 

If the system is closed by a negative feedback path 
(Fig. 2) then, as the system gain Ksysr increases from 
zero to infinity, the roots of the closed-loop system's 
characteristic equation (the poles of the closed-loop sys- 
tem) will move from the poles of the open-loop system 
to its zeros, 

We now construct the trajectories of the roots as 
they move, The rules for constructing such trajectories 
have been published in the literature [1-5], so that we 
shall use them here without proof. As is well known,the 





T By the relative damping coefficient we understand the 
damping coefficient which corresponds to the presence 
of just one pair of complex poles: 
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number of individual trajectory branches tending to in- 
finity equals the difference 
q = (number of finite poles) — 
— (number of finite zeros), 

In our example, there will be seven such branches, 
For a sufficiently large gain K, these trajectory arms tend 
to asymptotes which start at one point on the real axis 
and form, with that axis, angles equal to + [180°/ q + 
+1 + 360°/ qj, where i = 0,1, 2, 3,.., ete, 

We find the coordinate of the point of intersection 
of the asymptotes by the formula 


X( poles )—ZX(zeros) 
;=- = 
q 





— 6.7 — 2.8 — 20 — 2-128) —(— 4 
os ) 7 ) ( ) = — 5.89 





and we draw the asymptotes at the angles (Fig, 3) 


0 = + = + 25°42, 





ie ++( 25°42" += -2) — -+ 128°30’, 


@, = + (25°42" + —)= +77°6', 


360° rs 
. -3) = + 180°. 





0, = + (25%42’ + 


All portions of the real axis lying to the left of an 
odd-numbered root (zero or pole), where the roots are 
counted starting from the far right, are parts of trajec- 
tories, We thus find that the pole at point s = —6,7 moves 
along the real axis to the zero at point s = —4, and the 
pole at point s = —20 tends to infinity along the real axis 
towards the left. 

We now determine the slope of the trajectory start- 
ing from the pole s = —1,28 + 12,59j. To do this, we join 
this pole with the remaining roots and poles. The slope 
angle sought,@, is found from the relationship 

Larg(vectors from zeros) — Larg(vectors from 

poles) — 9° = 180° + n= 360°, 

In our case, 


77°52’ — [90° 4+- 2-95°45’ + 66°48’ +- 


+ 262° + 34°5’] — 0° = 180° + n-360°, 
6° = — 428°31’ — 180° +- n- 360° = — 248°31’ 
or — 111°29’. 
We can now easily construct approximate trajec - 


tories of the roots* motion, as was done on Fig, 3, If all 
the curves are shifted to the left by the amount 


In (1 =) 
ait In 51 


T . oon 





= 0.393 


or, equivalently, the imaginary axis is shifted to the right 
by this amount, we obtain the root locus of the quasi- 
majorant system (Fig. 3). 





A system with a constant gain will be unstable for 
any value of that gain, since the double pole at the origin 
will immediately enter into the right half-plane, 

The quasi-majorant system becomes unstable for 
Ksyst = 95.3 10*, as one may verify by determining the 
value of the gain for which the pole moving along armI 
intersects the shifted imaginary axis, For this, we take 
the product of the lengths of the vectors from the poles 
te the point of intersection and divide this by the product 
of the lengths of the vectors from the zeros to this same 
point. 


Choice of the Correcting Circuit 





We first give the choice of the correcting circuit 
for a system with a constant gain, 

In order to keep arm I of the trajectory from enter- 
ing the right half-plane, it is necessary to introduce a 
zero on the real axis on the segment from 0 to s = — 6,7, 
The closer this additional zero is to the origin, the more 
sharply will the trajectories of the poles turn up from the 
origin into the left half-plane, In the limiting case, the 
introduction of a zero at the origin will neutralize one of 
the poles there, and the other pole will tend to the zero 
at the point s = — 4 along the real axis, The introduction 
of a zero at the origin means the introduction of a pure 
derivative of the signal, which can be accomplished in 
practice either by means of a special differentiating am- 
plifier circuit, or by the use of tachometer generators 
in the cases where the circuit's input signal is in the form 
of a shaft rotation, 





Fig. 4 


For the realization of a zero on the real axis by a 
passive RC circuit, it is desirable that the zero not be too 
close to the origin, We shall introduce a zero at the 
points =—zf =-—2, Then, an approximate sketch of 
the motion of the root in the neighborhood of the origin 
takes the form shown in Fig, 4. 

For realizing this zero by means of a series-con- 
nected passive RC network, it is necessary that the trans- 
fer function of the correcting circuit have the form: 


(s+2,) P, 


G.(s) = Pa 
= ERs 





It is desirable to choose the pole p{ sufficiently 
far from the origin so that the component of system be- 
havior attributable to it will be rapidly damped, How- 
ever, it is undesirable to remove it too far, since the 
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Fig. 5 


requisite capacitance and resistance in the network would 
be difficult to realize in practice. 

We choose pf= 30, With this, the point of inter- 
section of the asymptotes is shifted to the left by the 
amount (pf -zf )/ 7 = (30-2)/ 7 = 4, 

The slopes of the asymptotes do not change. By 
again joining the pole and zero introduced with the 
point s = ~1,28 + 12,59j, we find the additional rotation 
of the trajectory starting from the pole: 

A 6° = arg(vector from zf) — arg(vector from pf) = 

= 86°45* — 23°45* = 63°, 

The root locus takes the form shown on Fig, 5, We 
now determine for what gain the poles of the closed-loop 
quasi-majorant system will lie on the intersections of the 
line of constant damping coefficient, € = 0.2, with trajec- 
tories I and II. 

For point A we get 








30.6 -22-14?-13.6-13.12-25-4-4 : 
Kun = ae = 46.7-10°; 
for point B 
29.8-20-8.72?-7.6-4.7?-8.1-9.2 
Ksyst ate 5.8-4.8 = 20.5-108. 
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At the boundary of stability of the quasi-ma jorant 4 
system (point C) 
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syst ~~ 6.8-5.6 


For the quasi-majorant system, the required gain ii 
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Thus, the introduction of the correcting circuit [| 
provides system stability, but does not give the necessary 
damping coefficient. 

We note that the introduction of zeros and poleson 
the real axis does not, in general, have much effect on 
the displacement of the complex poles when the gain is 
small, since they will be translated in a small neighbor- 
hood of the point s = — 1,28 + 12,59j. Consequently, the 
sole means of obtaining the necessary damping coefficient 
is to eliminate these poles, which can be done by a cor- 
recting circuit with zeros at the points cited, 

We thus obtain the following desirable transfer func” 
tion for the correcting circuit: 


Gs) (8 + 2) (s? + 2Eo,8 + w2) 15pp, 
3)= o bd 
2 (s + 30) (8 + p,) (8 + p,) w2 
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The poles at the points —p}? and —pf are intro- 
duced in order to obtaina passive network realizable by 
capacitances and resistances, As a rule, these shouldbe 
chosen further to the left than the original zeros and 
poles, in order that the components in the transient re - 
sponse introduced by them be rapidly damped. In addi- 
tion, the introduction of these poles moves the point of 
intersection of the asymptotes to the left, which increases 
the system's stability. 

We choose p} = 40 and pj = 120. Then, the open- 
loop circuit thus obtained will have the following trans- 
fer function: 


Goyst (s) = 


-_ Ksyst_ (8 + 2) (s +4) 
s* (s + 6.7) (s + 8)? (s + 20) (s + 30) (8 + 40) (s + 120) ° 





The magnitude of Ksyst for the quasi-majorant 
system (with the correcting circuit) will equal 


15-40-120 2-105 


The root locus of the closed-loop system is shown 
on Fig, 6, The values of the gains are given directly on 
the curves, The relative damping coefficient of any pair 
of complex poles is greater than 0.2, With this, the pair 
of poles on arm III of the trajectory provides a component 
of the transient response which is rapidly damped and has 
small oscillation, The poles on arm I provide a compo- 
nent which is small in magnitude (due to the proximity 
of the zeros at points ~2 and -4) and which is slowly 
damped, 

The roots on arms IV and V give very rapidly 
damped terms and do not have any practical effect on 
the system*s transient response or frequency characteristic, 
Thus, the system obtained completely satisfies the re- 
quirements posed. 





When the poles -1,28 + 12,59j are not exactly 


compensated, there arises a slowly damped, rapidly os- 
cillating, component of insignificant amplitude whose 
magnitude equals the residues at these poles, i.e., is pro- 
portional to the magnitude of the dipole obtained in this 
case [3, 5], 
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Fig. 7. Ry = 11.6 kohm, Rp = 1,1 kohm, Rg = 23 
kohm, Ry = 11.3 kohm, Rg = 22.5 kohm, Rg = 832 
kohm, Ry ee kohm, Cy = 2.5 uf, Cy = 22 uf, 
Cy = 1.1 uf, Cy = 0.0725 uf, Cg = 0.6 Hf, 


The correcting function is implemented by the net- 
work shown in Fig. 7. The synthesis of this network from 
the given function G,s) was carried out by Dasher‘s meth- 
od [7]. To connect the network in the circuit, it is nec- 
essary to equalize the gains of the network and of the 
function G,(s) since, for dc, G,(0) = 1 and the network 
gives E,/ E, = 0.005, Consequently, it is necessary to 
connect in the circuit an amplifier with gain equal to 


1 
K = oop = 200. 
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The possibility is considered of obtaining optimal control processes in second-order automatic control 


systems with the use of limiting values of control loop element gains by means of nonlinear “key"-type cor- 


recting devices, 


Recently, both in domestic and foreign literature, 
ever greater attention has been given to the questions of 
improving the quality of automatic control systems by 
means of the introduction of nonlinear transformers (func- 
tion generators) which realize desirable control laws [1- 
10). 

A significant number of works are devoted to the 
synthesis and realization of nonlinear control laws which 
provide for the flow of optimal transient responses in 
automatic control systems when there are limitations 
imposed on one or several of the systems* coordinates 
[11-18], However, the question of constructing optimal 
automatic control systems using limiting values of con- 
trol loop element gains has occupied comparatively lit- 
tle space, 

The purpose of the present paper is to determine 
the control law (and also its realization) with which one 
can obtain optimal transient responses in second-order 
linear automatic control systems using limiting values 
of the systems* transmission coefficient, 

For the systems under consideration here, we shall 
understand by optimal transient responses those transient 
responses which, for unit jump disturbances, have no 
overshoot, wherein the time during which the value of 
the controlled coordinate is less than some previously 
given constant value is minimal. 


1, Construction of Optimal Transient 
Responses of Second-Order Automatic 

Control Systems Using Limiting Values 
of Transmission Coefficients 














We consider a linear second-order automatic con- 


trol system (Fig. 1) whose transmission coefficient is 
bounded, 


The equations of the system’s links can be written 
in the following form: 
the equation of the object being controlled 


Tot + pr = —p+/ (0); (1) 
the equation of the executive mechanism 


T sp. = ; (2) 


the equation of the forcing device 


t—8(t)= 9; (3) 


the equation of the summing device 
E=Ko+To. 


Here, x is the relative deviation of the controlled 
coordinate, ¥ is the relative change of the error signal, 
u is the relative deviation of the controlling organ, 1/p 
is the object’s static transmission coefficient, T,/p is 
the time constant of the object of control, T, is the inte- 
gration constant of the executive mechanism, K is the 
gain of the error signal amplifier, T is the differentiator's 
time constant, € is the summing device's output quan- 
tity, f(t) is the external disturbance and g(t) is the forcing 
stimulus, 

After elimination of the variables x and y from 
Eqs. (1)-(3), we obtain, by setting f(t) = g(t) = 0, the dif- 
ferential equation of the system's free (natural) oscilla- 
tions, 


@ + 2ho + w2o = 0. 
Here, 
T K 
h= t+, wt=n. (4) 
T, + T,T, : ? T,!, 
In the automatic control system under considera - 
tion, let the coefficients Tg, Ts,and p be some constant 
numbers which depend on the design peculiarities of the 


object and the controller, and let the gains K and T be 
variable within the limits 


—K,<K< Ko, —T,<T<T», 


where Kyand Ty are the limiting values of the actual 
system's gains, 

It is required to determine the sequence of changes 
of the gains K and T during the flow of the transient re- 
sponse which is necessary for obtaining an optimal tran- 
sient response in the system for stepwise changes inthe 
magnitude of the disturbing stimulus f(t) or of the forcing 
function (stimulus) g(t). In other words, it is required to 
determine the nonlinear control law and its realization 
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Fig. 1 


for obtaining an optimal transient response in the auto- 
matic control system under investigation, 

It is convenient to carry out the synthesis of anon- 
linear control law for the class of systems under considera - 
tion by means of the phase plane method, Then, the 
problem posed is the construction of the automatic con- 
trol system*s phase plane which images the sequence of 
variations of the coefficients (structure) of the system 
during the transient response for various initial conditions, 

The various combinations of signs of the coeffi- 
cients K and T give four different system structures: 


1) K>0, T>0; 
2) K>0, T<0; 
3) K<0, T>0; 
4,K<0, T<0. 


For the first case, the equation describing the free 
oscillations will have the form: 


@ + 2hp + wep = 0. (5) 


After the elimination of time fiom Eq. (5), we ob- 
tain the image of the transient response on the ¥, # 


qe 


Suir 


=) . 











For wi > h?, the equation of the phase trajectorig 
will be the equation of the family of helices spiraling 
into the origin [6] (Fig. 2b): 





(p + ho)? + (08 — h) g? = 


ee te 2 +? 
= cexp Vae—n arc Sao. (6) 
where c is a constant, 
For wi < h?, the equation of the phase trajectorie 
will be the equation of a family of deformed parabolas 
tangent to the line ?= - qi? at the origin [11) (Fig. 2a), 





" 
9 +1? = ¢ (9 + q29)". (7) 


Here, 


Q =—h+ V h? — o?, 
q2 =—h—Vh? — wy, 
and cy is a constant. 


For the second case (if T > pT,), the equation of 
the system's free oscillations will be 


9 — 2hp + Wop = 0. (8) 


For wi > h®, the phase trajectories are spirals start- 
ing from the origin (Fig. 2d) and, for w? < h®, we obtain 
a family of parabola-like curves on the phase plane but, | 
as it moves along any of the integral curves, the repre- 
sentative (image) point will move ever further from the 
equilibrium position (Fig. 2c). 


In the third case, the equation of the free oscilla- 
tions has the form: 


@ + 2he — wip = 0. (9) 


The equation of the phase trajectories will be the equa- 
tion of a family of deformed hyperbolas (Fig. 2e) [11): 


. 42 ey | , 
e(p—q,) +79.) = (10) 


Here, Cz is a constant, 


qi=—h+ViP+ or, gi=—h—Vi + oh. 


The equations of the asymptotes to the hyperbolas 
have the form: 





P=—Uh Pp=—GUZ9. (11) 


And, for the fourth case, the equation of the sys~ 
tem's free oscillations is written in the form 





@ — 2he — wip = 0. (12) 
The equation of the phase trajectories will alsobe 


the equation of a family of deformed hyperbolas anal- 
ogous to (10), These intervals will have other slopes for 
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the asymptotes (Fig. 2f), For this family of curves, the 
asymptote equations are 
P=—1? P=—4Y|,%- (13) 


Here, 
g=h+Vii+o2, q, =h—Vh? + o2. 


We now determine the sequence of changes of the 
system's structure for which the image point will somove 
to the origin that the transient response will be optimal 
with respect to the controlled coordinate, 

In the automatic control system under considera - 
tion, let there be applied a disturbing stimulus f(t) of the 
unit step type, which is equivalent to the presence of 
some nonzero initial conditions, specifically, Y= %p , 
y= 0, It is easily seen from a consideration of the phase 
trajectories (Fig, 2) that, for the image point to proceed 
to the equilibrium position with minimal deviation of 
the error ¥ during the duration of the transient response, 
with these initial conditions it must move in the region 
vy > 0 along phase trajectories corresponding to an auto- 
matic control system with positive values of the coeffici- 
ents K and T (Fig, 2a,b), With any other combination 
of signs for K and T, the image point would either move 
away from the equilibrium position (Fig. 2c,e,f) or have 
a large maximum deviation of the error ¢ during the 
transient response (Fig, 2d). 

After the error signal reaches its maximum va lue 
(9 = Vinay % * 0) this discrepancy should be liquidated 
as soon as possible, In order that this requirement be met, 
the phase plane for ¥Y < 0 must be so constructed that, 
for given initial conditions, the area under the integral 
curve will be maximal, since it is well known that, in 
this portion of the phase plane, the duration of the con- 
trol is inversely proportional to the area under the inte- 
gral curve, 

In order for the response to occur without over- 
shoot, one of the components of the integral curve to be 
synthesized must pass through the origin in this region of 
the phase plane and, in order for the area under the inte - 
gral curve to be maximal, it is necessary that the slope 
of this phase trajectory be as large as possible, 

It is clear, from a consideration of the phase 
sketches (Fig, 2), that there re trajectories passing 
through the origin in the required portion of the phase 
plane for three different cumbinations of signs of K and 
T (Fig. 2a,e,f), It is easily remarked that the greatest 
slope of the null phase trajectory corresponds to the struc - 
ture of the system with a positive value of the differenti - 
ator's time constant T and a negative gain K of the error 
signal (Fig, 2e), 

As follows from Eqs. (9) and (11), the equation of 
such a phase trajectory has the form: Q = 3 Y, Here, 
q =-h- Vhs wi, 

The second component of the integral curve should 
be so chosen that the image point will travel from posi - 
tion ? = Ymax, ? =0 along the null phase trajectory 


chosen by us with the largest possible value of the co- 


ordinate , This also makes it possible to obtain the 
greatest area under the integral curve, From this point 


of view, those phase trajectories are most suitable which 


correspond to the unstable structural scheme with a posi - 
tive value of K and a negative value of T (Fig. 2c and 
qd), 

















d 
Fig. 3, 


The process of constructing the phase “portrait * 
for obtaining an optimal transient response in the sys- 
tem is shown in Fig. 3a,b,c, and d, 

Thus, the phase portrait of the optimal control sys- 
tem can be presented in the form of a three-sheeted 
phase surface (Fig. 3d).® The first sheet corresponds to 
the phase plane satisfying the condition ee? = 0 (Fig, 
3a) and Eq, (5) for the free oscillations, The second 
sheet corresponds to the portion of the phase plane which 
satisfies the condition (T; Y +K,¢%)¢% < 0 (Fig. 3b). 

The constant coefficients T; and K, are so chosen 
that the boundary of the sheet, cceginiing to the 
equation 


1 +Kp=0, 


coincides with the phase trajectory described by the 
equation ¢ = — 4 ¢, where qg=—h—Vh*+ wi (Fig, 
2e), and passing through the origin, 

The third sheet corresponds to the phase plane 
satisfying the condition (Ty? + Kj)? = 0 (Fig, 3c), The 
boundary of the sheet, corresponding to the equation 
T,? + Kj ? = 0 is common to the second and third sheets, 


* The method of multisheeted phase surfaces, as applied 
to automatic control systems, has been worked out in 
[18-20}. 
























Thus, it is clear from an analysis of the phase 
planes constructed, that the optimal control system 
changes its structure three times during the transient re- 
sponse when the system operates in the stabilization mode, 
and twice when the system operates in the tracking mode, 
In both cases, the disturbing action is taken to. be in the 
form of unit jumps, 

The nonlinear control law which provides this shift 
of structure can be presented in the following form: 


Ko+T for o>0, 
E(t) = Ke—T@ for (Typ+K39)9 <0, (14) 
—Ke+To for (737+ Kip) <0. 


—. 


f(t) 


given by (14), It follows from expression (14) that the 
nonlinear link must contain a switching device which 
varies the signs of the error signal and its derivative dur- 
ing the transient response as a function of their signs and 
relationships, 

For the realization of this control law, we us 4 non- 
linear *key*-type correcting device consisting of two 
monotypic ¥-cells [4] (Fig. 4). 


The first ¥,-cell passes the signal @ only under 
the condition (Tj? + Kj9)¢ = 0, and the second ¥ 2-cell 
passes signal ¢ under the condition that (Tj? + Kj?) s0, 
The static characteristics of these nonlinear devices are 
shown in Fig.5.T 
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2. Realization of the Optimal Control 
Law 





For the automatic control system to have the phase 
portrait shown in Fig. 3, it must contain a nonlinear 
correcting device which realizes the optimal control law 
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The signal from the output of these ¥ -cells actson 
switching devices SD, and SDz,, consisting of the relay 





T The nonlinear coefficients ¥(¢, %) and ¥(¢, % inthe 
hatched portions of the ¥¢ plane equal the constani Co- 
efficients Tj and Kj,respectively, In the nonhatched por 
tions they equal zero. 
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set Ry and Rg, These devices provide the necessary changes 
in the signs of the error and its derivative by means of 
the inverter I, 
The coefficients Kj and T; of the correcting device 
are chosen on the basis of the relationship 
K — 
ge =h+ Vik + oF. 
j 
The connection between these coefficients and the 
system*s parameters is defined by the following equation 


K,; Tp+T 4 he (Tp + 7)? + 4KTT, 
j 7,7, 4T?T? 





- (15) 





Generally speaking, coefficients Tj and Kj can be 
chosen arbitrarily as functions of the dead zones of re- 
lays Ry and Rp. 
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ON ONE PARTICULAR CASE OF A SAMPLED-DATA SYSTEM 





WITH VARIABLE PARAMETERS WHICH CHANGE BY JUMPS 
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A method is given for determining the transfer function of a sampled-data system with periodically vary- 
ing parameters in the particular case when the system is comprised of a series connection of a first-order link 
with variable parameters and links with constant parameters. 


Among systems with variable parameters, a special 
place is occupied by systems whose parameters vary pert - 
odically at the pulse repetition frequency, remaining con- 
stant during the pulses and tn the intervals between pulses, 
and changing by jumps at the boundaries of these time seg- 
ments, Works by F, M, Kilin, E, A, Rozenman, and others 
have been devoted to these systems, A method for design- 
ing such systems in the general case was given in [1]. 
This method leads to cumbersome computations. In [2] 

Ya, Z, Tsypkin presented a simple method for investigat- 
ing first-order systems, 

The attempt is made in the present work to design 
sampled-data systems with periodically varying parameters 
for the very important particular case when only one root 
of the characteristic equation changes, As will be shown, 
this means physically that the system consists of a series 
connection of a first-order link with variable parameters 
and a system with constant parameters, 


1, The First-Order Link*® 





We consider a link described by the equation 


(7 — qo) & (t) = — kof ((). (1.1) 
Here and in the sequel we shall use the dimension- 
less variables t = t/ T, q = pT (p = d/ dt), where T is the 
repetition period of the input pulses, 
The parameters qq and k are variable, and are sub- 
ject to the following relationships: 


= gi 
bak for nqQtqn-+y, 
“ie f +y<t<n+1 
; or n n : 
k=k T 


Here, n= 0,1,2,..., y = t/T,T is the duration 


of the input pulses, 
{(t) =f In) for 


n<gtqn+y% 
and 
{()=0 for nt+y<t<n+ 1. 


By solving Eq. (1.1) for the interval (n, n + y) with 
initial condition x[{n] and for the interval (n + y, n+ 1) 
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with initial condition x(n + y], and by also taking into 
count that no jump in the initial conditions occurs at th 
boundary of the intervals cited, we obtain the difference 
equation 


Zz [n + 1} = 
=k, f[n] (4 — eer) e294. xpnje™™FaE™ ay 
If we take the discrete Laplace trausform of Eq,(1) 


taking into account the lead theorem and the condition § 
x(0) = 0 [3], we obtain 


ef — ofl av 





F°(q), (a 
where X*(q) and F*(q) are the discrete Laplace transfom 
of the step functions x[n] and f[n], respectively, and 


Mav= Hi + 9; (1— 4). 


Consequently, the transfer function of the first-ond 
sampled-data system with variable parameters has the 
form: 


W? (q) =k, tee le 


q 
ei—eé Lav 


(14 





We now determine the impulsive response of systet 
(1,4) at an arbitrary moment of time. 
Letting T—n= €, we get 


w[n, ©] = ky (e—%* — 1) erav en® 


O<exy, n>0), (Ld 


w [n, ©] = ky (1 — et) eave’ “—™ 


(y <e<i,n>0), (1,6) 


w [0, e] = ky (1 — ent.) 


(0<e¢q 7), (05 


* The investigation of such links was provided in [2]. 










w[0,e]) = &, (1 — env) e% (ey) By now solving Eq. (2,2) with initial condition 
(y¥<e<t). (1.8) w,(n + y) and then carrying out some elementary trans- 
formations, we obtain the following difference equation: 
2. The Second-Order System 





w, n-+ 1] = w,(n] e — 
We now consider the second-order system consisting 


of a series connection of the link with variable parameters 




















— k, (e—7 — et—v)+ay — et) eMava_ 
and a link with constant parameters (Fig. 1): te at 1— == ( “re 
(¢ — 410) %1 (t) = — ka iof (i), — ky (1 — et) (e% (i—y) ort #2 eNav" (2,3) 
a = 9; — Ws 
(9 — 42) x (t) = — got; (t). (2,1) As is well known, one gives the name operator, or 
ry- , a transfer function, of a sampled-data system to a series of 
; Here, dy = Const, Gyg = Gy, and k = ky when n sts the form 
SN+ ¥, Go = 9, and K=kwhenn+y <t <n+1, 
. 1 
tt W'(a) = Ywinje-m for w(0)=0, (24) 
Ae Foard 
. where w([n] is the impulsive response of the corresponding 
(ffeream Fig. 1, continuous system, 
It may be easily shown that 
We now determine the impulsive response of the 
system described by Eqs, (2,1). s ‘ . ‘. 
In this case, the input to link 2 with constant param- 2 “["m-+ 1]e—™ = e% >} w[n]e—™ — w[f]. (2.5) 
~Y) eters is signal x,(t), the impulsive response of link 1 with — _ 
(1d ay z = Indeed, by making the substitution n=k -1 
ie variable parameters [cf, Eqs, (1.5)-(1.8) }: wee, 07 a on ask -2, we get 
co co 
1 
of Ea,( (7 — 92) Ws [n, ©] = — gu, [n,e]. (2,2) > win + t]e™ = et DY) wikle-*. 
onditics The solution is carried out for the time interval — pee 
(n, n+ 1). By adding and substracting w[1) in the right mem- 
The result of solving Eq. (2,2) with initial condition ber, we obtain (2,5), 
» (ll wn) is If we multiply both sides of Eq, (2.3) by e~4" and 
w,[n + 7] = ky (ear — fh (etsy — eur) x then sum them over n from 1 to infinity, taking into ac- 
- transform 1 —* count (2,5) an the equality [3],we get 
, and x ea + we [n] e&r, ee 
y e*Me—an — ; 
n=1 ef — @* 
first one 
oe (1A —e- 7) (e%2—V) Fary__ eM) = + (e@¥ — 4) sittin (e 2 a—y) —ett—a [trav 
. a4 a q,;—9 ws [1] 
W = k " i e + 2 . 
2 (9) 1 (e? we e”) (e@ = e71aV) bi ef— e@ “ (2.6) 
(14 
W[1] is determined analogously to wa{[n +1] on the basis of expressions (1.7) and (1.8), account being taken of the fact 
2 of systel that w,(0) = 0, 
As the result, we obtain 
2 a 1 2(1— ) 0 _ ‘ —_ 
w,[i] =k, —” (an — a2) €°18Y— gu (an'— 9) & + a9 (q,'— 0) Es oa (92 — 9) (axe a1) _ q, ete ~ 
(91 — 92) (9, — 92) (9:—9) (9, — 92) 
15) (2,7) 
. (. By taking (2.7) into account, we obtain the final expression for W§(q): 
q 
W3(q) = ky ——"" + ___, (2.8) 
Qe) (99 tla 
(1,4) (e% — e%) (ce — e 1 aW 
where 
arta, (—y) *avteti—v) 
. gsc! — ne 
(1.05 fst eat n— 4% . ae 
k, oo See, (2,10) 
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If the system is astatic and its linear portion has a transfer function of the form 











— kn 
Ww _— i. (2 
(9) (7— 40) 9’ i 
it is then easily seen that the corresponding discrete transfer function can be obtained by passing to the limit: 
. , i . 
W* (q) = lim [- ~ W; (a) (2.19 
d:> 0 3 
By carrying out some elementary transformations, we get 
’ . 
, ’ q, (l—v) qa ’ ’ a, (i—y) aq 
ak ete em tee oe ll «i TI 
919; (e% — ce! 8¥ (¢% _ 4) 119, (e* — e%1av) (e*— 1) 
In the very important particular case when y< 1, the expression for W*(q) is significantly simplifed, 
By taking into account that e“iY ~ 1+ qjy (if lary l« 1), we get 
q 
, 9 (e 1 __ 912) 
W*(q) =hy Tis ‘ (2,14) 


8. A System of Arbitrary Order with One 
Variable Root of the Characteristic Equa- 
tion 








Let there be given a system of arbitrary order r. 
One of the roots of the system's characteristic equation 
is variable, all the roots being assumed to be simple, It 
may then be shown that the system takes the form of a 
series connection of a variable link 1 and a constant por- 
tion 2 which is described by an equation of order (r-1). 


Fig, 2. 
The transfer function of link 1 (Fig. 2) is 


7) (9) = mu — , 
where dy is the variable root, assuming the values of q, 
and qj. 
The transfer function of the constant portion 2 is 


P 
Wagd= oo, 


where P(q) and Q(q) and polynomials in q, the order of 
P(q) being less than the order of Q(q). 
Then, 





(3.1) 


(3,2) 


Pa) 7! Pq ) ' r—1 ‘ 
aes, k i 
Wal) = @ (9) Pa Qn) I I La ; 
(3.3) 
where q), are the roots of the equation Q(q) = 0, Q*(q,) = 


x dQ(qy dq| q = dk° 











(9, — 4a) (e? — e%1Y ce? — e%) 


computing Wf (q). 


(2,14) by replacing q, by q, in its right member and di- 
viding by (~q,). 


TA similar representation of the schematic is givenin[1} 





On the basis of (3,3), the block diagram of the _ 
system may be given as shown on Fig. 3 at 

On Fig. 3 a, qy, dg, . ~~ » Gp-y denote the links 
whose transfer functions are the terms of sum (3.3); 2 és 
a summing device, 

Obviously, the processes in the system are not 
changed if the block schematic is varied so as to take 
the form shown in Fig. 3 b, But, it is clear from Fig,3b, 
that an rth-order system with variable parameters can 


be given in the form of a parallel connection of r-1 


second-order systems and, consequently, the discrete tran 
fer function of such a system has the form: 





r—1 
W"(g) = 2 &,Wi,(9), (3.4) 
k=1 
where 
. 1 bi, +b 
W,() =-— “ ok — 
Vk (e%—e 14V) (eI—e ky 
91 (9% — q; yeh 4 qT (9, —q1) etkt—v+rar 
is : 





(91 — 9%) (9, — 9%) 


q + ak (ly) a, (11) 
9% (1 — 94) € 1 8Y+ (g1—9,) (Qe Ke 


(91 — 9%) (9, — %) 


q +4; 1—yY) qa ax (i—y) 
yee — qyetiaviee 
Dox —— e% avdk ~ & ‘ 


qi— Wx 
(3.5) 
If q, = 9%, then expression (2,13) can be used for 















If y « 1, then Wf (q) can be computed by formula | 
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Up till now, we have assumed that the first link is 
a simple inertial one, If,however, the transfer function 
vf this link has the form: 

Wig) =h i. (3.6) 
where k,,@,and 6 are variabk parameters, then the link 
may be presented in the form of a paralJel connection of 


an inertial link and an ideal amplifier with variable param- 
eters: 


B—a 
q+ 

Since the input to the variable system is f(t) at 
timesn+y <t<n41, varying the amplifier parameters 
does not affect the process, and the discrete transier func- 
tion of the second-order system whose first link has a 
transfer function of the form (3,7) is obtained in the form 
of a difference of the discrete first-order transfer func- 
tion corresponding to the second link, but multiplied by 
ky, and the discrete transfer function of the second-order 
system whose first link has a transfer function of the form 
ky( B-a)/ (q + B). 

Thus, for a sampled-data system with periodically 
varying parameters, it is sufficiently simple to determine 
the discrete transfer function which has constant param- 
eters (in the case when only one root of the characteristic 
equation varies), It is particularly simple to obtain the 
expression when the pulses are of short duration (y “ 1), 

In conclusion, we consider an example of the ap- 
plication of the method presented above, 


W,(q)-=hky—hy (3.7) 


4. Transient Response in a Radar Range 
Finder 





The range finders operation is based on the com- 
parison of the position of the pulse reflected from the 
target with the position of a pair of special selector 
pulses ~ semistrobe S and the translation of S after the 
translation in time or the echo pulse EP, 


Is 





Fig. 4, 


The block schematic of the range-finder is given 
in Fig. 4, 
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The scheme shown does not, of course, represent 
the contemporary state of radar technology, but is very 


convenient as an example of the application of the meth- 
od presented here, 









































Fig. 6, 


The nomenclature used on Fig, 4 is as follows: ED 
is the error discriminator, A is an amplifier, EM is the 
executive mechanism, T; is the temporal position of the 
middle of the echo pulse from the target with respect to 
the sonde pulse SP, and T, isthe position of the semistrobe 
boundary (Fig. 5), The ED processes the voltage propor- 
tional to the quantity 6 = T; - T,. We now considerone 
discriminator circuit (Fig. 6). 

Tubes L, and L, are normally cut off, and are opened 
by the semistrobes, If the center of the EP coincides with 
the boundary of a semistrobe, the charges taken by ca- 
pacitors C, and C, during a period are equal, and Ugh= 9, 

If the EP is displaced relative to the se mistrobes, 
the charges taken by C, and C, are unequal, and Ugh *¥ 0. 

It is easily seen that the error discriminator param- 
eters are different when the semistrobes are present from 
what they are when the semistrobes are absent, 

Strictly speaking, the system under consideration 
is a system with pulse-width modulation (PWM), But with 
low porosity y = T/ 2T, (T is the total length of the semi- 
strobes and T, is the repetition period of the sonding pulses) 
andifthe condition. t/ 2 « T, holds (T, is the time con- 
stant of the charging of capacitors C; = Cz = C), one can 
replace the system with PWM by a system with pulse- 
amplitude modulation with a constant pulse duration equal 
to T/2, Moreover, the time for switching the discrimina- 
tor parameters is defined by the duration of the semistrobes 
t / 2 = const, 

From what has been said above, we obtain the fol- 
lowing equations for the discriminator, 


K t 
(T. P+ 1) Gp =hRTR,* for aTy StQaTr+ Zz 


(4.1) 
and 


e 
(T,P+1)Uahb=0 for aT, +z<t<(n+1)T, 


(4.2) 
Here, ky = 4E/r, E is the amplitude of the echo 
pulse at the discriminator's input, 


CRR, 
C= Re R, ~ CR» Ty = RC. 


















The amplifier and the executive mechanism are 
links with constant parameters, Their equations are, re- W3(q) = hy (45 
spectively, i 















Us = kar, 4.3 t 
2 “ab (4.3) where a= a forn<t <n+y anda*=1forn=y < 


<t<n4l1, 
(7 P +1) pT, = kg Us. The transfer function of the amplifier and the Ey 
“ s (4.4) 
takes the form 





We now go to dimensionless parameters. 
By letting T,/ T, = a, and To Tp =&, we obtain Ws (9) = KeksT, a2 — kaky T [Bins 1 ) (4.6) 
the discriminator‘s transfer function: (9 + 2) 9 P\qg @G+a3/* *” 





















By taking into account that y “ 1 and using formula (2,14), we obtain the transfer function of the open-loop 
sampled-data system in the form 





NN —_.. oa —%__ —4n, .@ 
W*(q) = kykeks T; (1 — a) = [ (f ée de uliss a, (e e ye | ‘ 


(e%@—e “18V) (e%— 1) (ag—ay) (7 — e) (ee “49 





where 
om. | { Ps { a 
@av= a 1+ a ( 1) = a,(1+ s* 


After some elementary transformations, we finally obtain 


—a a 


a, e~ **— age), —(a,--a,) @,¢e7~"*— age~™ 
aieiaes 2q 1 2 q 
. = (1 a; — a2 )e +(¢ ay— ag Je 
W*(q) =k : nes faates ¢ (4.7) 











(e% — ‘= AV) (e4 — e—%) (e% — 1) 


If the transfer function of the open-loop sampled-data system has the form: 
Bz e*4 +- B,e% 


W*(q) =k ; 
(9) Age*4 — Age*® + Aye? — A, 





then, starting from the analogy of the Nyquist criterion, one can show that the following inequality must hold in order 
that the closed-loop system be stable: 





sie A, Be + AsB, (4.8) 





A? + A\As— AgAz— A? | 


For the given case, inequality (4,8) takes the form 






a — e “rt av), (e~@ 4 e lav a g erty av)) 


e (rt av) (1 = a,e 
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@ ° (4.9) 








ome —a, —a;__ — 
: 2 ) + oe (41+42) eae “< i ~ < 
a, —ae a, — ay 


If ag < 1 and ay « 1, which corresponds to Tp » T, and Tyy > T,, then inequality (4.9) simplifies to 








a _ 2 av "49 
ae e YWii—e + ase 1) (4.10) 
ay 
If the condition a; ay “ 1 also holds, then condition (4.9) takes the form: 


@hs au + @ 
tay Lav (4.11) 





In conclusion, the author wishes to express his gratitude to Ya. Z, Tsypkin for his aid in the preparation of this 
paper, 








LITERATURE CITED State Processes in Sampled-Data Circuits[in Russian] 


[1] F. M, Kilin, "Transient responses and steady- (Gostnergoizdat, 1951). 


state processes in sampled-data systems with variable e a ee ee ee 
parameters which change by jumps,” Avtomat, i Tele - trol, I, II, "Avtomat, i Telemekh, 10, 3 and 5 (1949). 
mekh, 18, 12 (1957). t ' , [5] F. M, Kilin, "Transient respanses and steady- 
(2). Ya. ZT F ESS a ee state processes in automatic range~finders," Avtomat. ! 
ee Se P y Telemekh, 19, 10 (1958).4 
tems [in Russian) (Fizmatgiz, 1958), _—_- 


[3] Ya. Z. Tsypkin, Transient Responsesand Steady- +See English translation, 








46 
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(4,6) Methods of simulating rational-fraction transfer functions without the use of differentiating elements 
when the original differential equations contain constant and variable coefficients are compared, It is asserted 
- loop that the minimum number of operational amplifiers required is n + 3, where n is the order of the differential 
equation. For simplicity of the circuit and for the minimum amount of preliminary calculation, the method of 
combining derivatives is preferable for constant coefficients, whereas the method of going over to the equivalent 
system of first-order equations is preferable when the coefficients are variable. 
In the investigation of automatic control and regu- _ ficients of the differential equation giving rise to (1) are 
lation systems by means of electronic analog computers, given functions of time. 
the necessity frequently arises of reproducing rational- 
1 . 
fraction transfer functions of the form Methed of Disect integrates 
It is convenient to consider this method in terms 
(4,7) W (9) bs + by, 8 Ee eH dys + do (1) of the simple example of the equation 
| Jo = ’ 1 ” ” , 
s+ a, _ 8" + + + + ays + ao sy + ay + ay + ay = 
where = box 4. b,x’ +} box” - b,x” 
ma, n, with given constant coefficiemt ap, a4, ap, and ag, and ba, 
le by, bg, and bg, initial conditions y(0), y°(0), ana y*(0), and 
ee and Um, bm—1,-.-, bi, banddn—1,Qn—2,..., A1, Ap a disturbance x whose dependence on time is not given 
are given constant coefficients reer; 
agaeye eee We solve the initial equation for the difference of 
(4,8) Transfer functions of this type are obtained, for 
the highest derivatives: 
example, from the approximate representation of lags ee * 
by a Pade series, the synthesis of correcting circuits, and asy” — O40" = 
a number of problems in the statistical dynamics of auto- » ” , , 
: ts = — (aay” — ber") — (ayy’ — by’) — (doy — bot). 
(4.9) | matic control systems. 
The use of differentiators in the setups for these By introducing the ree integration operator 
transfer functions is proscribed because of the sharp am- fdt = 1/p, SJdt dt = 1/p*, etc., we obtain 
plification of the noise which is always found in the out - } 1 
a3y — byx = — — (agy — bgr) — 
put signals of operational amplifiers, the representation P 
(4,10) of the right members as given functions of time being 
possible only in a very limited number of cases when the oa aS (ayy — b,x) — “ (doy — box). (2) 
law of beforehand, rm 
aE AGE SE Os SR ee In order to retain the initial values of the coeffici- 
Various methods of reproducing these transfer func - 
(4,11) ENLS Ag, Ay, Ag, Ag, Do, by, bg, and bg in the setup of the 
° tions using only integrating and adding elements are known 
problem, we add the term -(a,-1)y to the right and left 
; from the literature [1-4]. These methods can be reduced 
of this sides of expression (2), The result is 
to four basic ones; 
1) direct integration; { { 
2) decomposition of the transfer function into sim - 7 - (a,y — bax) — ri (a,y — 6,2) — 
an) pler ones (method of structure transformation); 
3) decomposition into first-order equations; i 3 
d — —~ (a,y— byx) + b32 —(as—1) y. (3) 
= 4) combination of derivatives, p* aac diate 
949). In the literature, these methods were not compared 
“a among themselves, and some of them were mentioned Expression (3) allows the structural scheme (block 
— only superficially, It is also of interest to establish the schematic) of the setup to be given directly, Indeed, if 


possibility of extending them to the case when the coef- we denote by the new variable z, the sum of all the terms 
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the equation 
y = 2, + box — (a, — 1) y. (4) 
pe —_—a 
ame > Hts 
- ae T 








Fig. 1, 


The quantity y, in correspondence with (4), can be 


formed by means of an adder, as shown on Fig. 1. It 
should be mentioned that such a method for isolating y 
gives a stable setup only in case ag > 1. If ag < 1, it is 


necessary to divide all the coefficients by as as a prelim- 


inary step, With this, there is no longer the necessity of 
introducing the term (a3-1)y and, in the problem setup, 
there appear the new values of the coefficients: 


in (3) which contain the symbol for integration, we obtain 











Ch 


’ ’ , 5 . 
as a3 ag a3 , aa i ag 4 a3 





For the further construction of the scheme, we de- 
termine the value of the product pz: 


pz, = — (ary — bar) — - (ayy — br) — i (doy — bar) 
By introducing the notation 
1 1 
Zy == — m3 (a,y — b,x) — a (a,4 — bo2), 
we get 
pz, = — (ayy — ber) + 2p. (5) 


Consequently, it is necessary to add an intégrator 
to the schematic of Fig. 1. By continuing similarly, we 
arrive at the expression 


pq = — (A,y — b,x) + 23, (6) § 
where 


p23 = — (Qoy — 6,7), 23 = — —— (aay — by x). 


















































Fig. 2, 


Equations (4),(5), and (6) lead directly to the setup 


shown on Fig, 2, For m =n, the total number of blocks 


required here isn +3, For m < n, one can obviously dis- 
pense with the output adder, so that the number of blocks 


will be n + 2, 

The initial conditions for integrators 1, 2, and 3 
can be computed by giving the relationships for Z;, Z2, 
and Zs in the form 

2, (0) = agy (0) — bya (0), 

Z_(0) = agy’ (0) —hyx’ (0) 4- agy (0) — box (0), 

23 (0) = aay” (0) — bx” (0) + agy’ (0) — byx’ (0) + 
+ ayy (0) — b,x (0). 


The regularities apparent in the relationships given 
allow one to write directly the relationships for the initial 


conditions for the kth integrator: 
a—j 


Zn (0) = try = D) laci¢ ny (0) — bazpx— (0)], 
i 


(7) 
where j=n—-k,i=1, 2,3,... 
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The basic advantage of the method just considered 
is that the setup is implemented from the original coef- 
ficients, and the computation of the in/tial conditions is 
carried out with comparative simplicity. 


2. Decomposition of the Transfer Func- 
tion into Simpler Ones 








The basis of this method is that any transfer func~ 
tion W(s) can be considered as the transfer function of 
some single-loop system: with negative feedback, in 
which the forward path has transfer function W,(s) and 
the feedback path has transfer function Ws), The con- 
ditions imposed on the functions W, and Wy are that the 
numerator of the first may not contain terms with s, and 
the numerator of the second may be a polynomial in s 
which is of degree one less than the polynomia) in the 
numerator of W(s). 

Indeed, let 


We) = FO Wt 





P(s)” 1-+ Wis) Wels) * (8) 
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Fig. 3, 


The block schematic of the connection of W,(s) 
and W,(s) is given in Fig, 3, 

Let 
= y (8) so 
“— z(s)—u(s) ~~ Qu (s) ” 





_ u(s) _ Qs(s) 
Wil)= Tay = Ole) * @) 


We now find the conditions which must be satis- 
fied by Q,(s), Qe(s),and Qs(s) so that Eq, (8) may be valid: 





R(s) _ Qs (s) 
P (s) Q:1 (s) Qa (s) + Qs(s) ’ 





(10) 


whence 


R= Ql) P= AMA + WE 
(11 
It follows from conditions (11) that the degree of 
polynomial Q,(s) must be equal to the difference of the 
degrees of polynomials P(s) and R(s), and from (9) and 
(10) that the degree of polynomial Q,(s) must be one less 
than the degree of polynomial R(s). By using these special 
characteristics, we can write the general form of the poly- 
nomials Q,;(s) and Q,(s): 


n—m m—1 
Q:(s)= >) lst, Qs(s) = >) msi, (a2) 


where 4 and my, are constants to be determined, 

For example, let R(s) = by + by s + bs? + bgs® and 
P(s) = ag + ays + ags* +s*, Then, in accordance with (12), 
we obtain 


Qi(s) =o, Qa (s) = by + bys + bgs” + bgs°, 


Qs (s) = my + mys + m,s"*. 
To determine the values of J 5, mg, my, and mg, 
we substitute the values found for Qy, Qg, and Qs in (11). 
The result is 


Go ++ AyS + a5" + s* = Ipbys* +- (lobg + mz) 8* + 
+ (Igby + my) 8 + Igby + mo, 


whence the coefficients sought will be 


My + m8 + mgs? 
bo + bys + bes* + bgs® *° 


In its turn, W,(s) can be presented as 





Wi)=—, Wals)= 


W 1 (8) 


W(s)= 7 + Wuls)Waale) ’ 





where 


| 
No + 48 


Co 4 cs 


Wane) oe mo + mys + mgs? * 








’ W os (s) - 


To determine the unknown coefficients we use, 
based on (11), the relationship 


b, + bys + bas? 4- b,s* = 


me (Mo + 1,8) (Mo + mys + mes) + (Co + C48). 
By equating coefficients, we get 


Cy = by — (bs — bs ma) Ma , 


me / mM 
com ha— [e+ (4 BY], 
m 
n= ar n= =, 


We now decompose W,,(s) into the simpler com - 
ponents: 








Wau (8) 
W s2(s) = 1 + Wars (8) Woe0(s) ’ 
4 r 
Win (8) = jot os” W 208) = Ce + os © 


We determine the coefficients r and q from the 
relationship 


Mo + mys + mzys* = (Gy + 918) (Co + C18) + To, 
whence 
Co 


a? Go = (my — <2 ms) —, 


To = mo — (m, — ma? a 
Thus, the problem leads to the setup of the follow- 
ing system of equations: 


1 
y= To (z—u), 
(no +n,s) u=y—v,, (13) 
(Jo+41S) Uy = U— Ug, 
(Co + 4S) Ug= Poly. 


The block schematic and the setup which corre- 
spond to this system of equations are given in Figs.4 and 
5. The initial conditions for the new variables u, u,, and 
ug can be found from the given initial conditions by means 
of system (13), As follows from Fig, 5, this method gives 
a setup requiring a large number of integrators in com- 
parison with the method of direct integration, In addition, 
a comparatively large amount of time must be expended 
on the computation of the coefficients of the transformed 
equations, 


| 
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3, Decomposition of the Initial Inhomo- 
geneous nth-Order Equation into a System 
of n Inhomogeneous First-Order Equations 











While this decomposition is not unique, the best re- 
sults are given by the method described in [3], according 
to which the linear differential equation with constant co- 
efficients 
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can be presented in the form of a system of linear first- 
degree differential equations: 





y _ Y + Ant, 
d 
a = Yo + On 2, 
d 
=o! = y, + a2, 
a 
Te = An, — On—2Y,_, — 


*— ByYo— Agi + Mz. 


Indeed, by eliminating y,, yz, ... » Yn from the last 
equation of system (15), we arrive at an equation of the 


(15) 
































form 
a” d 
*y oes ste dn = 

















+ (On—1 + atena ee = +f 

















spe OH tnt +... + ayetn) 4 








H+ (Gq + ydn_y +... + On14, + Ody) Z. (16) 


In order that Eqs. (15) and (16) be identical, it is 
necessary that the values of the new coefficients a, satisfy 
the following equations: 
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Fig, 5. 





by = Oy + AyAn—y + AeQn2 +... + Ons, + Any, 
b, = ay + Aen) +... + Ang + Only 
b, = Xe H+ we. + Onis + Only, 
ba, = On—y + Only; 
Dn = On. 
(162) 


The block schematic for the system of equations 
(15) is constructed in the form shown on Fig. 6a, The tow 
number of blocks required isn +3, The coefficients a% 
Oy,...» &, are easily computed on the basis of (16a) bj 
successively substituting the values of a, starting with 
a, =b,. The initial conditions for the new variables yy 
Yau «+ + » Yn are determined by means of system of equa’ 
tions (15) from the given y(0), y#(0), . . . y274¢0) 


z(0), 2(0), x (0),..., 2" (0). 


As an example, we consider the reproduction of th 
transfer function 


and 





ets + 
W (s) = 6 f2’ 
Oh——s >> 


approximating the transfer function of a lag link, e “, 
by a Pade series for» =v = 2[6]. Here,n = 2, a)=1 
a, = 6/7, ag= 1, by = 1/r*, by = —6/7, and by = 

On the basis of (15), the equivalent system of equ 
tions is written in the form 
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d 
Sh = yo t oye, Y = Yi + MHz, 


where y corresponds to the output signal eout and x to the 
input signal e;,. Based on what has gone before, the co- 
efficients a», a, and a, will be 
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a, = by = 1, a, =b,—a,=——, %&=——aT: 


The setup is shown on Fig. 6 b. 
4. The Method of Combining Derivatives 





We separate initial Eq, (14) into two by introducing 
the new variable 
=z 
u= — 


p" +a,_,p™ 1+... + ap + a f (17) 
As the result, we get 


d™ a d 
pea + bt my + eve + b, = + bu. 


(18) 





Expression (17) can be rewritten in differential form: 


d"u d™—ly du 
a” as er + 4, = + ae = 2. 





(19) 





Fig, 6b, 





To establish the setup on the computer, it is initial- 
ly necessary to "set up” Eq, (19) by the method of reduc~- 
ing the order of the derivatives and thereafter forming the 
desired variable y in the form of a sum of derivatives with 
respect to u with the proper coefficients, The values of the 
derivatives d'u/ dt! are obtained directly from the corre- 
sponding outputs of the integrators for the solution of Eq. 
(19). Some simplification of the setup is achieved if 
d"u/ dt" is eliminated from Eq. (18) by substituting its 
value from Eq. (19). The result is the set of equations 








d"u d™—y du 
a” -|- On—1 Ta -+|- oes +4 a + dgu = 7, 
d™—ly 
= (— bpdn—s + On) a) + 


4 $..+(—bnay + by) & + 


+- (— byay-+ by) u + On. 


For m = n = 3, the block schematic of the setup for 
these equations is shown in Fig, 7, In the general case, 
n + 3 operational blocks are needed in the setup, It is not 
necessary to Carry out laborious computations to determine 
the coefficients for the setup, 


5. Methods of Simulating Differential 
Equations with Variable Coefficients 


















Methods of simulating differential equations with where y and x are the same variables as in (14), but 

variable coefficients were considered in sufficient detail aj(t) and B j are new functions of time. 

by Laning and Battin [3] and Matyash [5]. We therefore Using the properties of adjoint linear operators, 

limit ourselves here to brief remarks only. Matyash [5] showed that the new variable coefficients 
Establishing the setup for a problem in the case of must be related with the old ones by the following rely. 

solving Eq. (14) with time-dependent coefficients can be  Uonships: 

implemented by the method of direct integration or by 








k 








7 m—i m— i)! - 
the method of making a transition to the equivalent sys- Bm—x = py ~~ 1) (m £ kyl a ry Vina? 
tem of first-order differential equations,*® The funda- ais 
mental difference between these methods amounts to the (k = 0, 1, 2,..., m), 
method of determining the new variable coefficients for > 
the equations" setup, Indeed, in setting up a problem by . - s! - 47-7 (n — i)! ak—) 
the method of direct integration, Eq. (14) is replaced by -— ae } (n—k)l(k—w)! *—* 
the following equations, equivalent to it, 
(k =0, 1, 2,..., a). 
n m ; 
PY (— 1)? (a; y)” — > - 4) (Bix), The block schematic for the setup of Eq. (20) is d- 
j=0 j=0 tained by the methods used above for differential equation 


(20) (14) with constant coefficients, with the sole difference th: 
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into the setup in untransformed form, In solving a prob- 
at the proper places, dividers of the variable coefficients jem by the method of direct integration, one has to re- 





are connected for the establishment of Bry-(t) and compute all the variable coefficients entering into the 
Op -K(t)» equation actually set up. 
The transition to an equivalent system of first-order 
differential equations is made exactly the same as in the SUMMARY 
case of constant coefficients, but here the new coefficients, The comparison of the methods considered for simt| 
A(t), Apt), . .. » Mgt), must be considered as some lating rational-fraction transfer functions allows the fol- 
functions of time. The determination of these functions lowing conclusions to be drawn, 
of time in terms of the original variable coefficients can 1, Reproduction of rational-fraction transfer fune- 
be performed on the basis [3] of the recursion formulas tions and the differential equations which give rise to 
dg (t) = bo (t), them by means of electronic analog computers without 
differentiating elements can be implemented by several 
im1i—k araxtt) methods, For nonzero initial conditions, one must als 
a (t)=bi(t)— >) Dd) cnr iaing, (QR. 
laid - * The methods of decomposing transfer functions into 
It follows from a comparision of the two methods simpler ones and of combining derivatives are invalid 


considered that the transition to an equivalent system of here, since they lead to an interchange of differential 
first-order differential equations requires less computation- operators which, with variable coefficients, is inadmiss- 
al work, since the original variable coefficients a;(t) enter ble. 






































know the values of the independent variable and fts first [2] D. Mitchell,”The technology of using analog 








}. but (n-1) derivatives at the initial moment of time, computes,” in: Proceedings of the Session of Analog Com- 
2, The minimum number of operational amplifiers _ puters in the Proceedings of the Conference at Cranfield 
Tators, in the block schematic of the setup is n+ 3, where n is in 1951 [Russian translation], 
ficients the order of the differential equation being set up, and [3] J. H. Laning and R, H, Battin, Random Processes 
ing rela- does not depend on the setup method. An exception is in Automatic Control [Russian translation] (IL, 1958). 
the method of decomposing a transfer function into sim- [4] C. L. Johnson, Analog Computer Techniques 
~i) pler ones, which leads to block schematics with larger (McGraw-Hill, N.Y., 1956), 
_ numbers of operational amplifiers, [5] I. Matyash, "Programing linear differential 
3, From the point of view of the amount of pre- equations with variable coefficients for their solution by 
»m), liminary work required, the method of combining deriva- analog computers," Avtomat, 1 Telernekh, 20, 7 (1959).T 
tives is the simplest, This method is only applicable to [6] V. V. Gurov, V.M. Evseev, B. Ya, Kogan, A.A, 
problems with constant coefficients, Maslov, and F, E, Tranin, Type EMU-8 Electronic Analog 
4, For solVing problems with variable coefficients, _ Computer [in Russian) (Fil, VINITI, Moscow, 1957), 
preference should be given to the method of making a 
-0 A). transition to an equivalent system of first-order differential 
(20) fs ob equations as requiring the least amount of additional 
equation computational work. 
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SHORT-CIRCUIT METHOD 
A. Ya. Tolchan 


(Moscow) 


ON CONSTRUCTING BRIDGE CIRCUITS BY THE 








(Translated from; Avtomatika i Telemekhanika, Vol. 21, No. 1, pp. 82-92, January, 1960) 


Original article submitted April 18, 1959 


Net structure is proposed as the general representation of bridge circuits, On the basis of an analysis of 
complete nets, sufficient grounds for the possibility of constructing bridge circuits by the short-circuit method 


are deduced, 


The problem of constructing, from an existent cir- 
cuit's structural formula F(a,b,... , w), the bridge circuit 
equivalent to it is a very urgent one, since a significant 
gain in number of circuit elements might thereby be ob- 
tained in many cases, One of the methods of carrying out 
such constructions is well known under the name of the 
short-circuit method [1]. 

Practical application of this method is limited by 
the circumstance that, in the majority of cases, the parts 
of the circuit necessary for the construction are missing 
from the original structural formula F(a,b,... ,w) [1]. 

In connection with this, the necessity arises of in- 
vestigating the conditions under which use of this method 
is possible, as well as the methods of transforming the origi - 
nal structural formula to a form more convenient to use. 

To investigate bridge circuits in the general case, 
it is convenient to present them in the form of a “complete 
net® as shown on Fig. 1. A complete net is a rectangular 
net with one element connected in each side of each mesh 
(elemental grid rectangle), where there are equal numbers 
of meshes in each file (row) in any given direction, All 
the nodes of its two opposite sides are connected to the in- 
put and output nodes, 

The sides of the meshes are conventionally called 
longitudinal and lateral, depending on whether they are 
parallel or perpendicular to the input and output terminal 
buses, This nomenclature is also extended to the individual 
elements, depending on the side of the mesh they are con- 
nected in, 

Longitudinal series of elements are called rows while 
lateral ones are called columns, Initial elements are de- 
noted by I and final ones by F, The denotation of the re- 
maining elements is in accordance with Fig, 1, and the 
numeration of rows and columns is from left to right and 
from top to bottom (not counting the rows of the initial 
and final elements), 

The nodes of the net are denoted by aj,n, where i 
is the number of the longitudal elements" row and n the 
number of the lateral elements’ column at the intersection 
of which the node is to be found. 

Each planar bridge circuit can be converted (trans- 
formed) to a complete net. For this, all elements con- 
nected between two series-paralle! nodes are replaced by 
one element; full rows and columns of longitudinal and 
lateral elements are then made up by adding elements 
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equal to zero in places where gaps initially appeared, ay 
elements equal to unity at places where conducting Ling 
initially appeared, This transformation is not single -valy 
but among the variants of the resulting complete netsth 
is always a variant such that there are no zeros in the fix 
or last rows of longitudinal elements. To obtain this vat 
ant, it suffices to begin the transformation by filling in 
these rows with elements occurring in the original plany 
scheme, Several examples of such a transformation are 
given in Fig, 2. 

Conversely, from a net with a sufficient number d 
columns and rows of longitudinal and lateral elements, 
may obtain any planar scheme, if part of the elementsr: 
duce to zero or to unity, and certain elements, where ne 
essary, are replaced by series-parallel connections of a 
number of elements, 

For nonplanar circuits, analogously, the general 
form of a bridge structure is a complete space lattice, Ea 
of its facets (or of its cross sections parallel to any facet) 
is a complete planar net such as those considered above, 
Each cell of the lattice is a cube in each edge of which § 
one element is connected, All the nodes of two opposite 
facets of the lattice are joined to the input and output not 
Its conversion to a nonplanar circuit and vice versa are 
carried out by methods analogous to those described for 
plane nets, 

All further exposition will deal exclusively with 
planar circuits and plane nets, The question of extending 
the conclusions derived from a consideration of plane neb 
to nonplanar circuits and to space lattices requires special 
consideration, 

Relationships which exist in a complete net are vali 
in all cases when the individual elements equal zero or 
unity, i.e., are valid for any bridge circuit. Indeed, zero 
and unity are particular values which a circuit element 
may assume, 

For the analysis of a complete net, we use a special 
"table of correspondences," Let t be a row of longitudinl 
elements and s be a column of lateral elements in a net 

Each column in a table is headed by one of the inl 
tial elements I,, and each row by a final element Fp. 1 
the cell of the table at the intersection of column Ip and 
row F,, we write the full structural formula of the circult 
joining nodes a and ap, denoted by us as IInp. As 4 
preliminary step, this circuit must be presented (for ex~ 









































ample, by a successive expansion by initial and final ele - Any bridge circuit presents itself, in the most general 
ments) in the form of a sum of circuits, each consisting form, as some middle portion f(a; brn) Connected to in- 
of series connections of elements only, In the sequel, we ee and output nodes via initial ona final elements (Fig. 
shall call each such component circuit entering into Tnp 3a). It is essential here that there be no isolated parallel 
an elementary circuit, and denote it by "np circuits in the middle portion which are connected to the 
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In the most general case, the decomposition of a 
input and output nodes. This circumstance is used in the _ bridge circuit by initial and final elements must give a 
short-circuit method, where one initially seeks a middle _ set of parallel circuits, each of which is a middle portion, 
portion of the circuit which is connected to the output node f(ajj, Dimn) joined to the input node via one initial ele- 
via all the final elements and is connected to the input ment and to the output node via one final element (Fig. 
node via one of the initial elements, After this, one seeks 3 b), 

the points for connecting the remaining initial elements This suggests that, among the elementary circuits 
to the middle portion [1]. into which any two of the full parallel circuits mentioned 





























above may be decomposed, there must be elements simi- 
lar in content, and differing only in the placement of the 
points at which the initial and final elements are connect - 
ed to the middle portions and the elements themselves, 
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Analysis of a Complete Net 
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Let there be given some complete net, namely, a 


two-terminal network with s columns of lateral elements 
and t rows of longitudinal elements, Let ll, ; be the cir- 
cuit joining nodes a, ; and ;,j, this circuit being the 
sum of all the possible elementary circuits ;; which join 
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Fig. 4. 


Theorem, If, in a complete net (Fig. 4), one choose 


any pair of nodes, a,j and O, je some other pair of nodes, 
%1,n and a; », and then, in some elementary circuit "i 
of Iljj, one replaces the elements in it which come from 
the set of longitudinal elements connected in the first row 
between nodes a, and a, , and in the tth row between 
nodes a ; and a, by all the elements of this set lack- 
ing in it, then the newly obtained elementary circuit will 
be some circuit "np of Onp- 


On Fig. 4, only those nodes and elements mention- 


ed in the theorem are noted, One of the possible circuits 


7 ;j is shown in heavy lines, 

In the sequel, we shall call such an operation th 
"operation of converting from "4; to "yp" for two pain 
of nodes from the first and tth rows. If this operation 4 
carried out for all circuits "ij of Tj js this is then the 
"operation of converting from II; ; to np". 

The operations of converting from ™;; to "nj and 
from ;j to "jp, these being particular cases of the con. 
version operation, may be considered as conversion open 
tions in, respectively, only the first and only in the tth 
rows. 

We now consider a number of preliminary propo: 
tions, 

First, the conversion operation occurs analogously 
in both the first and the tth rows, since the structure of; 
complete net is identical on both the input node side ay 
the output node side, This means that all conditions, r- 
lationships, and results of the conversion operation in th 
first row are identical to those in the tth row. We shall 
therefore always formulate propositions henceforth inte: 
of the first row, bearing in mind that they are also com- 
pletely applicable to the tth row. 

It may be shown that the operation of converting 
from ™ to "np actually breaks down into two indepent 
ent operations, which can be carried out in either order, 


either conversion from ";; to Tj, i.e., in the first row, 


and thereafter from Tj to "np i.e., in the tth row or, 
conversely, initially from ™;; to "jp, i.e., in the tth toy 
and then from Tip to "np i.e., in the first row. Indeed, 
the final results for both sequences of operations are ide 
tical, since the conversions from ™{j to "nj and from ") 
to ™ np are completely identical, from the point of view 
of the makeup of the group of elements to be converted, 
In fact, these groups are determined only by the positios 
of the nodes a ; and a; y and by the behavior of the is 
tial circuit "jj in the neighborhood of the first row whic, 
evidently, do not depend on whether or not the convent 
is first made from ™4j to "4p. One can clearly use thist 
prove the complete independence of the order of the ™ 
component operations cited, 

It follows from this that the character and resulté 
the operation of converting from Tj" depend ont 
character and result of each of the individual componet 
conversion operations in the first and tth rows which, is 
their turn, are determined by the behavior of the origia! 
elementary circuit jj near the first and the tth rows sf 
arately, This means that it is meaningful to differenti 
the forms of the elementary circuits in the net by thech 
acter of their behavior close to the first (tth) row. 

From this point of view, two cases are theoretical 
ly possible, while we shall formulate with respect to th 
first row only. 

1, The original elementary circuit ;; is so situ 
in the net that, once having started out from one node@ 
the first row of longitudinal elements, it never agail 
passes through any node of this row which is comprised! 
the set of nodes situated between a ,; and a; n, includ 





















On (Fig. 5a,b,c). We remark that the elementary cir- 2. The original elementary circuit * ij 8 so situated 


Won the cuit can pass arbitrarily often through the remaining nodes _ in the net that, once having started out from one node of 
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inverting ring in the path of the elementary circuit are notated, The 
indepen¢: least once, through nodes of this row which are comprised dashed lines represent the initial elementary circuit, while 
her order in the set of nodes situated between a,j; and a1, includ- those of its parts which pass through elements participat- 
first row, ing On (Fig. 5 d,e). ing in the conversion operation are shown by solid lines, 
| row of, We now show that, in these two cases, the conver- = Double solid lines denote the circuit paths through the re - 
he tth rw sion operation in the first row from 7 ij to "hi doesin fact maining elements in the group subject to conversion, Thus, 
1, Indeed, lead from %j4j to "pj. The graphical proof of this isshown the results of this operation are clearly visible, 
ns are iden on Fig. 5 where, to avoid encumbering the figure, no ele- There are obviously three possible diverse circuits 
d from t, ments are shown in the sides of the net's meshes, These for the first case, mentioned above, of the behavior of the 
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is so situi 
one node d original elementary circuit in the neighborhood of the first We must consider two diverse circuits (Fig, 5d and e) 
yer again tow. The conversion operations for them are treated in for the second case cited above, finding that in both of 
>om prised Fig. 5 a,b, and c, from which it is clear that these opera- them the conversion operation leads to ™pj, although with 
yn» includ tions indeed lead to pj. the addition of a closed contour, 
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In order to extend this proof to the general case of 
the theorem, we first consider which special features of 
the behavior of the original circuit in the net affect the 
course and the result of the operation of converting from 
"ij to ™,,j- With this, we shall take into account the group 
of elements in which the conversion is carried out, the 
make-up of the subgroups of elements (discarded and add- 
ed) and the absence or appearance of closed contours in 
series with ™,;. 

Among the special features considered are: 

1) the placement of nodes a,j and 1 n which de - 
fine the group of elements among which the conversion 
is carried out; 

2) the placement of the node a1, via which "4; 
leaves the first row of longitudinal elements, by which the 
subgroups of discarded and added elements are defined; 

3) the presence or absence of a return of jj to one 
of the nodes in the interval ;,;-a4 , after the circuit 
leaves the first row of longitudinal elements, by which is 
determined the appearance of closed contours in series 
with 7 nj° 

It is also essential that the behavior of ";; in the 
middle portion of the net in no way affects the course of 
the operation of conversion from "jj to "aj and, as was 
stated earlier, that this operation occurs independently in 
the first and the tth rows, 

By taking these data into account, we conclude that 
all the possible variants of the behavior of an elementary 
circuit in the neighborhood of the first row, from the point 
of view of the character of the conversion operation and 
its results, lead to the two cases considered above, This 
becomes obvious from a consideration of Fig. 6, where all 
possible variants of the behavior of an elementary circuit 
close to the first row are represented, It is easily seen that 
they differ from the two cases considered above by the di- 
rection of the circuit's pathin the net after it leaves a node 
in the interval a; ;-a; ) (Fig. 6 a and b), by its returns to 
the first row of longitudinal elements at one of the nodes 
outside of the interval a, jay (Fig. 6 c and d) and by 
the number of its returns to the first row in the nodal inter- 
val &; ;-1 n (Fig. 6 e and f), By taking into account the 
essential special features presented above, we establish 
that all these differences in no way affect the course of 
the conversion operation, and the result of applying this 
operation to them will also be in correspondence with the 
theorem given above, 

Finally, it is obvious that all possible variants of the 
course of the elementary circuit as a whole in the netcan 
be given as the different combinations of pairwise differ- 
ent variants of these two general cases of the behavior of 
a circuit in the vicinity of the first and of the tth row, in 
conjunction with an arbitrary behavior in the remaining 
portion of the net, But, since the theorem is valid forall 
variants of these two cases, it is then valid for all forms 
of elementary circuits which are possible in a net: 

Corollary. In presenting the corollary, we shall 
deal only with full nets, bearing in mind that it can be 
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extended to any bridge circuit as a particular case of a 
net, 








For some net, let a table of correspondences anak 
ous to that described above be set up, Then, the folloy- 
ing propositions are valid, 

1, Between the elementary circuits of any two ce 
of the table IjFj and InFp, there exists such an interrela- 
tionship that, from any circuit ™;; by a conversion carrie 
out in one and the same group of elements common to th 
given pair of cells, we obtain either one of the circuits 
"np or an elementary circuit longer than ™ pp, 1.e., equi! 
to zero, This is the group of elements connected betwee 
Oj and a; and between Oj and Or pe 

2, The interrelationship between the elementary 
circuits of the cells of two columns |; and I, of thistabie 
is such that the transition in the rows from the elementan 
circuits ;; of the cells of one column of the table to th 
elementary circuits ™,; of the cells of the other columa 
of the table corresponds to the conversion in the one 
group of elements common to all the rows, In this grow 
there appear the elements which are connected between 
1 i and op in the first row of longitudinal elements, 

3, The connection between the elementary circuls 
of two rows Fj} and Fp of the table is such that transition 
in the column from the elementary circuits of the cells 
of one row to the elementary circuits of the cells of the 
other row corresponds to the conversion in the group of 
elements which are common to all columns, this group 
containing elements connected between a,j and OU jp it 
the tth row, 





Sufficient Grounds for the Possibility of 
Constructing Bridge Circuits by the S hort- 
Circuit Method 











Construction of a bridge circuit by the short-cir- 
cuit method is possible if, and only if, the following in- 
terrelationships characterize the individual elementary 
circuits (terms) in the circuit's original structural formul 
F(I, F, a, b,.... W). 

1, The transition from the elementary circuits pat 
ing between lj and Fj to the elementary circuits passing 
between Ip and Fj can be implemented, for given i and 
by means of the conversion operation in one and the same 
group of elements common for any j, and the transition 
from the elementary circuits passing between Ij and Fh, 
for given j and p, can be implemented by means of the 
conversion operation in one and the same group of ele- 
ments common for any i. 

2. The sum of the elementary circuits passing be- 
tween any |; and Fj must contain all the circuits necess#l 
for the construction of the bridge circuit which is equivé 
lent to this sum. 

It is necessary to convince ourselves that the holditt 
of these two conditions is sufficient for the constructiond 
the bridge circuit by the short-circuit method, It is ob- 
vious that the holding of the second condition allows ont 
to construct the bridge circuit of the middle portion f(a § 
























se of a 











eS Analy 
> folloy- 







y two cel 
nterrela- 
On Carrie 
MON to th 
circuits 


-€., Equal 
d betwee 














mentary 

this table 
lementan 
ble to th 
- column 
he one 

this group 
between 
ments, 

ry Circult § 
transition 
he cells 
1s of the 
roup of 

is group 
d 4p in 






















ity of 
e Short: 








ort ~cir- 
wing in- 
mentary 
‘al formuls 











ircuits pas 
's passing 
en i ands 
d the same 
transition 
j and Fp 
ns of the 
p of ele- 












assing be- 
ts necessal) 
1 is equiva’ 


the holdig 
structiondl 
It is ob- 
allows one 
srtion flay § 




















































binn) (cf. Fig. 3 a), and the holding of the first condition 
guarantees the possibility of seeking such nodes in this 
middle portion that, upon their being connected to all ini- 
tial and final elements, they will form the bridge circuit 
sought, 


Practical Investigation of the Possibility 
of Constructing a Bridge Circuit by the 
Short-Circuit Method 














Let there be given the structural formula F(a,b,..., 
w) of the circuit, the bridge circuit variant of which it is 
necessary to Construct, 

In order to verify the possibility of employing the 
short-circuit method, one must; 

a) determine the complete group of initial and 
final elements; 

b) set up the table of correspondences; 

c) convince oneself that the make-up of the ele- 
ments in all the cells of the table is identical; 

d) verify that the aforementioned sufficient con- 
ditions hold, wherein the second condition is verified only 
for an arbitrary one of the table's cells, 

If these conditions do not hold immediately for the 
original structural formula, one may then introduce, in 
the table*s cells, additional elementary circuits which are 
equal to zero (containing mutually inverse elements or 
containing completely one of the pre-existing elementary 
circuits in the particular cell) and certain elements of the 
individual elementary circults can be repeated. 

When the necessary conditions have finally been 
met, the table obtained may be considered as the result 
of expanding the bridge circuit sought by initial and 
final elements where, in any cell Fj of the table, are 
to be found all the elementary circitits by which the cor- 
responding complete circuit Iljj can be expanded, 

Starting from this, we construct, for any arbitrarily 
chosen cell of the table, its partial bridge circuit Thy j 
which we then join to the initial and final nodes via Ij 
and F}, On the circuit thus obtained we then find the 
nodes which, when the remaining initial and final ele- 
ments are connected to them, allow the elementary cir- 
cuits of the remaining cells of the table to be realized, 





However, the use of this methodology leads simply 
and rapidly to the desired result only in those rare cases 
when the bridge circuit sought contains no repeated ele- 
ments and no mutually inverse elements, In the over- 
whelming majority of actual cases, bridge circuits contain 
both repeated elements and mutually inverse elements, as 
a result of which the initial structural formula lacks a 
significant portion of the elementary circuits necessary 

for the construction. Another part of these circuits is pres- 
ent in altered form due to the repetition of identical ele - 
ments, 

Therefore, for the use of this methodology, it is 
necessary to employ special means and an additional con- 
struction condition, 

This latter condition is suggested by the fact that, 
generally speaking, there is no unique bridge circuit equiv- 
alent to some series-parallel circuit. However, in analogy 
with the usual requirement that a circuit be realized with 
the minimum number of elements, one can propose a 
universal requirement on the construction of bridge cir- 
cuits, to wit, that there be a minimum number of repeated 
identical elements, 

It seems reasonable to consider the methodology 
treated above, together with the additional means of con- 
struction, in terms of a concrete example. 

Let there be given some structural formula for a 
circuit whose bridge variant must be constructed: 


F =a {b(gl + m) +-c(ehl + gm) + 
+l [e+ h(e+ g)] + m (eg + h)} + 
+ b{l (eh + &) + m [h (eg + 8) + €8)} + 
+ ¢{l[g (eh + &)+ Zh) + hm) = abgl +- 
+abm-+ acehl + acgm +- ael + aéhil + 
+ aghl +- aegm + ahm + behl + bel + 
+ beghm + bghm + begm + 
+ cegl+cégl+ cghl + chm, 











TABLE 1 
| * ad *] 
lp | bg-+cchte-+ch-+gh eh+e+ag eghteg+gh 
v b+ogtegth | eght+ghteg h 

















This initial structural formula contains 42 elements 
in grouped form. Other variants of the grouping do not 
provide any significant gain in the number of elements 
hecessary, After multiplying out the parentheses, we ob- 
tain a structural formula in the form of a sum of 18 ele- 
mentary circuits, 









Without stopping to seek the initial and final ele- 
ments, methods of finding which are described in detail 
in the literature [1], we state that the initial elements are 
a, b and c and that the final elements are 1 and m, We 
denote them by ay, by, Cy, i pand Mp. 
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We now set up the table of correspondences (Table 
1), writing in it successively the elementary circuits from 
the structural formula (without the initial and final ele- 
ments), 

A scan of the terms in the individual cells of the 
table by make-upofelementsand make-upof individual 
termns shows that the bridge circuit being sought must con- 


TABLE 2 

















tain both mutually inverse elements and repetitions, Thy 
means, that the construction problem now entails dealing 
with the minimum number of repeated elements and my 
tually inverse elements which are present in the original 
structural formula. 
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+aeghh, 
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egh+eg-+ghi+a+ 
+aegghh, 













hytag+eggh+egg+ 
+acghh, 















From this point of view, it follows from a compar- 
ison of terms in the cells ay? ¢ and apm, with the remain- 
ing ones that the repeated elements b and c (b, and b, cy 
and c) must appear in the circuit being sought. It is easily 
remarked that the shift of the elementary circuits abgl, 
acehl, abm, andacgm to the cells, respectively, by! Ff, 
cylr, bymr, and cmp, i.e., taking as the initial elements 
in these circuits, not ay, but by and cy, allows one to deal 
with the repeated element a (a; and a) only (Table 2), 
With this, the make-ups of the cell elements become iden- 
tical (taking into account the possibility of repetition of 
the initial element of cells ay/ ¢ and aympf) except for 8 
which does not appear everywhere. 

A comparision of cells b;/ p and bymr (Table 2), 
which contain the greatest numbers of terms, leads to the 
conclusion that the group of elements in which conversion 
is to be carried out for the cells of rows / - and mf con- 
sists of g. 

In the corresponding pairs of cells of rows! F and 
mp, we verify that this correspondence of terms holds, 
adding the deficiencies if they equal zero. A comparison 
of the cells of columns a, and by leads to the acceptance 
of h as the sole element of the group in which conversion 
is carried out in columns ay and by, with the condition that 
element a repeats, since otherwise a term equal to unity 
would appear in cell bymp. Element h is also repeated 
(h and h,) (Table 2), 

In Table 2, all the added elementary circuits either 
contain mutually inverse elements or are longer (ayghhymp) 
than those already in the circuit (ajahmp). In Table 2, 
all the added elements, circuits, and subscripts are given 
in boldface type. 

Analogously, by considering the circuits of the 
table's cells buy and cj/F, and bymp and cymp, we find 
the most probable makeup of the group of elements to be 
converted, namely, g, for the cells of columns by and c;. 

We then fill all cells of the table until complete 
correspondence of all terms is attained. Now, the make- 
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up of elements in the circuits of all the table's cells is 
the same for all, namely, a, e, &, g, g, h, and hg. After 
this, we construct the equivalent bridge circuit for the 
elementary circuits of one of the table's cells, with the 
purpose of obtaining the middle portion of the bridge cir- 
cuit being sought. In general, this construction could har 
been carried out earlier, without complete correspondenc, 
i.e., when the first of the sufficient conditions for the pow: 
bility of constructing a bridge circuit was unfulfilled, Thi 
construction sometimes allows one to determine the make: 
up of the group of elements in which conversion is carried 
out. Thus, we consider the cell by/p of the table, since it J 
contains the shortest elementary circuit. For this, we shal 
consider that elements h and g are connected in the first, 
and g in the last, row of longitudinal elements, since they f 
enter into the groups of elements in which conversion is 
carried out, 

In the general case, this construction must be car- 
ried out by a method analogous to the one presented here. 
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Fig. 7 


However, in the majority of cases, the number of 
terms in the table’s cells is small, and this construction 
can be carried out from the information obtained from 
all the cells* elementary circuits, Thus 


fotp= eh + e+ ag + ggh, + acghh, 


and the equivalent bridge circuit is represented on Fig, 74% 
In it, one easily determines the nodes for connecting the 





ons, Thi 
dea ling 
and my- 
original 








ells is 

- After 
or the 
rith the 
ridge cir- 
could hay 
>»s pondenc: 
yr the pos: 
illed, This 
the make: 
is carried 


e, since it J 


is, we shal 

the first, 
since they 
srsion is 


- be car- 


nted here, 7 


+ 


mber of 
truction 
d from 





remaining initial and final elements, since one already 
knows the elements of the first and last rows of the circuit 


which are connected between these nodes. The final bridge 


circuit is shown on Fig. 7 b, 


By considering the different elementary circuits of 
the scheme obtained, we convince ourselves that it is 
equivalent to the original structural formula F, 

We note that there are, in the table, elementary cir- 
cuits (aegh,, aeghhy, etc.) which consist of a somewhat 
shorter circuit from the same cell plus a closed contour 
(agh,) abutting the first or last row of longitudinal ele - 
ments, This is in complete agreement with the theorem 
proved earlier; such a circuit, naturally, does not violate 
equivalence, It should be added that, in seeking the group 
of elements in which conversion is to be carried out for the 
circuits of some pair of cells, it is ordinarily a good first 





move to consider a group which is contained completely 
in at least one term of each cell, and which is complete - 
ly absent from a least one term. 

To convince oneself of the truth of this regularity, 
it suffices to recall that among the elementary circuits of 
any cell there will always be a circuit of the form shown 
in Fig. 5 a, as well as a circuit of the form shown in Fig. 
5c. 

When there are mutually inverse elements in this 
group, the rule given is false, The rule can also be vio- 
lated in other cases of special locations of mutually in- 
verse elements, 
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The noise stability of a telemetering frequency receiver is investigated for pulse noise of arbitrary duration, 
The threshold of noise stability and the optimal deviation frequency are determined, 


The noise stability of the various forms of modula - 
tion have been most fully investigated (both theoretically 
and experimentally) for the case of fluctuation noise. 
Questions of noise stability for pulse noise, for frequency 
modulation in particular, have been treated with insuffi - 
cient completeness in the literature. 

In a number of the works devoted to this question, 
the treatment was mainly qualitative [1, 2]. There are 
works which contain incorrect initial assumptions [3] (as 
shown in [4]). There is definite interest inhering in the 
investigation of 5 - function type noise in FM receivers 
which was given in [4, 5], but the action of such noise, 
so far from the actual noise encountered, very inadequate - 
ly discloses the phenomena which occur in the receiver, 
and so the results thus obtained have a limited domain of 
applicability. 

In the present paper we present the investigation of 
the effect of weak pulse noise of arbitrary duration on a 
frequency receiver, The results of the analysis are used 
for calculating the noise stability of a frequency telem- 
etering system. The use of a narrow band output device 
allows one to use, as the criterion of noise stability of the 
telemetering system, the reduced mean-square error, de - 
fined as the ratio of the effective noise voltage V, at the 
receiver’s output to the maximum voltage of the output 
signal obtained by varying the signal frequency from —wg 
to + Wy, where w4 is the maximum deviation frequency, 
The noise voltage V,, can be determined by the energy 
spectrum of the pulse noise at the discriminator’s output. 
If a sequence of random noise pulses act at the receiver's 
input, then the phase , of the carrier frequency at the 
moment when a noise pulse acts can be considered a ran- 
dom variable, and the result of the noise’s action at the 
discriminator's output can be considered a random pulsed 


process, 


1. Reduced Mean-Square Error at the 
Receiver’s Output 








By definition, the magnitude of the reduced error 
at the output of the frequency receiver (Fig. 1) with pulse 
noise equals 


(1) 





where Usa, 1s the maximum voltage of the receiver's 
output signal, equal to wg (for an ideal discriminator wit 
characteristic slope of s = 1), Vp is the noise voltage at 
the receiver's output, defined as V, = 4Py, where 


co 
i | W (w) K (w) do (2) 
0 
is the noise power at the receiver's output, W (w) is the 
energy spectrum of the sequence of random noise pulses 
at the discriminator’s output and K(w) is the frequency 
characteristic of output filter F,. 
We now determine 6 for an ideal and for a bell- 
shaped form of the output filter’s frequency character- 
istic. 


a. The Ideal Filter Form 





By substituting in (2) the value of W(w) obtained 
in Appendix II (formula II,16) and then integrating, we 
obtain the noise power at the output of a filter with pass 
band 0 to Ff and K (w) = 1: 


2 
7; ) %. Q 
Here, 
D, = 1—3|= cosa + ({—z)sina |x 
X COS (Wo + hwy) t — 
(SI H1+ 


sin (Wo +f. hoa) 


Awt 












x cosa + 3 (+—)sin a | 






U; is the amplitude of the sinusoidal signal at the receive! 
input, Up is the amplitude of the noise pulse at the re- 
ceiver’s input, T is the duration of the noise pulse, m is 
the average number of pulses per second, A is the trans- 
mitted parameter, varying from -1to+1, Wg is the mea 
frequency of the input filter, a =wgeT, we = 2m Ff, and 
Aw = 2mAf, 

By substituting the values of V, = 7Py and Umax 
in formula (1), we obtain the expression for the reduced 































(2) 





J) is the 
e pulses 
quency 










a bell- 
racter- 





btained 
ting, we 
with pass 








(3) 














d) t 





the receive 
| the re- 
ise, m is 
the trans- 
is the meal 
m Ff, and 

















id Umax 
> reduced 








Input{ F 
‘ 


' 2 F Output 


{taf O+F 
Fig. 1. Block schematic of the frequency 
receiver, F; is the input filter, 1 is a lim- 
iter, 2 is the discriminator, and F,is the 
output filter. 





























mean-square erroratthe output of a receiver with ideal 
output filter in the form 


m we * Un 


As follows from mn, the awe of the sys- 
tematic error at the receiver*s output equals zero. 

On the basis of (1,12) and (113), formula (4) canbe 
written in the form 


8; = 0.33 





hw dy 2 


Vm 0) on =(= see 
= Gar me te (ae) VO, 6) 
where Ay is the maximum amplitude of the transient re - 
sponse at the output of the input filter to a voltage jump 
(or to a noise pulse of long duration, where the transient 
responses to the noises leading and trailing edges do not 
overlap) and U is the signal amplitude at the filter's out 
put. 


The expression for ©, is simplified if a = 2,5, In 
this case, 


2 | 5 4 4 
& = Gcosa + (5 —5)sinaaz— par, 
ah 
&=(—1+2, )cosa+3(+— 5) sina = 
ee 
5c ye 


If a> 10, then §, ws sina/a and&, = - cos a+ 
+3sina/a, It is clear from formula (4) that the magnitude 
of the reduced error increases linearly with increasing am- 
plitude of the noise pulses Up, and decreases with increas- 
ing mean signal frequency w», and maximum deviation 
frequency Wy. The error depends very little on the band- 
width of the input filter (the third tcrm in the expression 
for $1 is small in comparison with unity), For A = 0, 

5 + ¥(Af), The relationship of the error to the noise 
duration is expressed in a complicated manner, Formula 
(4), as follows from its derivation, is valid under the con- 
ditions when the maximum amplitude of the transient re- 
sponse to pulse noise at the input filter*s output Bmax(t) 
does not exceed the amplitude of the signal U(kmax = 
Bmax(t) Us 1). 


b. The Bell-Shape Filter Form 





By carrying out the analogous computation for the 
bell-shaped form of the output filter’s frequency charac - 


teristic 
(=%)° 


K (w) =e 


ola 





we obtain the following formula: 


2.3mw} Un 2 
Pa=— a (op) (6) 
where 


a 
®, =1—e 7 (1—a*) cos (009 + dag) *— 


n (wd — > 4a? 4a2\ Sin (9 + Awg) t 
—$F (xe ‘= (3—F) aes 
Vm w¢" 


Wd%o 





3, = 0.76 





(ae 2) VD, (7) 
= o.g5 tek (F \ a(x) yo. © 


2. Dependence of the Error on the Dura- 
tion of the Noise Pulses 








Figure 2 gives the square of the reduced mean-square 
error, computed from formulas (4) and(7)asa function of 
the noise duration for the ideal and bell-shaped output fil- 
ter forms, respectively, 


$1 = 0.33 wt (7?) » = 2.3h), 


It is clear from Fig, 2 that the curve for the rela~- 
tionship of the error and a = wet has the character of a 
modulated high-frequency oscillation, The high-frequen- 
cy component depends on the relationship of the noise 
duration and the signal's frequency, i.e., on Cos( w» + 
+ Xwy)T , and the envelope of the error variation curve de - 
pends on the relationship of the noise duration and the 
pass band of the output filter (on a), 

As a increases, the error tends to a constant value, 
determined by the action on the receiver of the two pulse 
edges independently, The laws of variation of the error 
as a function of noise duration are similar for the ideal 
and the bell-shaped form of the output filter but, in the 
case of the bell-shaped form, the error’s high-frequency 
component decays much more rapidly, 

It follows from formulas (4) and (7) that, for a def- 
inite duration of the noise pulse [for (wy + Awg)t = *)], 
the magnitude of the error is a maximum, and equals 


ho 
xi <1. 


V mof? Un 
81 max = 0.466 rol (7) ’ (9a) 
os max = 2.38 max * (9b) 


For very long durations of the noise, when a > a 
(in practice, even for a > 30), 


Vm U 
8 o.oo = 0-33 rt (-). (10a) 
83 a 200 = 2.3 a (10b) 
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It is clear from (9) and (10) that 5 ay = 125 ¢-+g) 
This relationship is self-evident since, by definition, 6= 
= /P,, and, as follows from physical considerations, P 
= 2P, a o. 

If the noise pulse has a duration much less than the 
period of the high-frequency carrier, i.e., ifw.»1 “1, 
and the noise may be approximated by delta functions, 
then 


Vm wf ‘Unt 
81. ¢, = 0.233 rect ( 7) / Qa) 


bee = 2.351, cer (11b) 


As follows from Fig. 2 and from formulas (4) and (7), 
the influence of the phase relationships (of the high fre - 
quency) on the magnitude of the error exists, not only in 
the case when the transient responses from the leading and 
trailing edges of the noise pulse overlap [as follows from 
(1.13) for 4Br < 4}, but also in the case when these tran- 


nmax- 









Kmax ~ 1. If these conditions hold (cf, 11.15), formulas 
(9a) and (9b) will have the form: 


0.41 


AE ea lel (12a) 
Imax (¥—1) V1 

. 0.23 

3 Cee , (12b) 
bmaxS ( — 1) V7 





sient responses have a significant separation between the 
i.e., in the case when, for all practical purposes, they & 
not overlap, 

It should be mentioned however that, in actual ¢ 
ditions, due to the instability of the duration of the nojy 
pulses (this instability being of significant magnitude whe 
the durations are long), an averaging of the error withip 
the limits of variation of the noise pulses AT can occy 
and for At > (0,5/f,) , the averaged error will be cloy 
to 5+. In practice, one frequently has to do withnoly 
pulses of unknown duration, In these cases, it is most 
reasonable to carry out the computations for the worst cay 
(i.e., for that duration of the noise which maximizes th 
error). From formulas (9a) and (9b), one can determine 
the maximum error (for the critical tT ) which is possible 
when the full bandwidth of the input filter is used, wher 
wWq = Aw - wf = const, with the conditions that the tay 
sient responses from the individual noise pulses at the op 
put of filter F; do not overlap and that m ~ 2Af and 


—— 





where y = Aw/we = Af/F,, For telemetry systems, one 
ordinarily has y = 5 and, as follows from (12), 5f max 
= 1,1 and 5%, 4, = 2.5%, The maximum error obtainable 
in the very worst conditions, cited above, is thus relatively 
small, | 

It is clear from the formulas given above that the 
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2,3 times greater for the bell-shaped form of the output 
filter than for the case of the ideal filter form. 

It is necessary to note that the taking off experi - 
mentally of the function 6 = 9( T) givesrise to technical 
difficulties related to the necessity of a high stability of 
Tt, particularly for large values of fy but, nonetheless, the 
character of the curves of Fig, 2 was substantiated experi - 
mentally, 


3, Noise Stability Threshold for Noise 
Pulses 





As was stated earlier, the formulas for the reduced 
mean-square error are valid for kmax = Bmax(t)/U = 1. 
Since the theoretical analysis of the case when k,,,, > 1 
gives rise to mathematical difficulties, noise stability un- 
der these conditions was investigated experimentally, 
Figure 3 shows the function 6... = ?(Kmax), taken off 
experimentally for the following values of the parameters: 
rt = 15,5 msec, m = 17, fy = 1 kc, 2Af = 150 cps, Fr = 2 
cps, y = 0, The dashed line gives the same relationship 
computed from the theoretical formula (9b), It is clear 
from Fig. 3 that, for ky,3, < 1, the error is of small mag- 
nitude (less than 0,1%) and increases linearly with increas- 
ing Kinax» 4 rapid growth in the error occurring for kmax > 
> 1, The experimental results bear out the assertion of 
[1] that the condition kinax = 1 corresponds tothe thresh - 
old of noise stability for frequency modulation for pulse 
noise, For the condition to hold that kmax =1(the equal 
sign corresponds to the noise stability threshold), the fol- 
lowing conditions must be met (ef. formulas (II.13)-II.15)): 
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Fig. 3, 


1) For the duration of the noise pulses much less 
than one period of the high frequency, i.e., for wyt “ 1, 


10 kmax 


U 
— Awt < 0.75; 
U, 


2) for virtual nonoverlapping of the transient pro- 
cesses from the leading and trailing edges of the individ- 
ual noise pulses, ie., for Afr > 0.8, 


Un Aw 


7. ee < 0.75; 
Ss 


3) for overlapping of the transient responses from 
the edges of the noise pulses and a doubled total reaction, 


i] 
7 a? <0.375. 


$ Wo 


4. Optimal Deviation Frequency for 
Pulse Noise 








Figure 4 shows the curves for the relationship of the 
maximum error (for the critical duration of the noise pulses) 


op ,/9.% ynal y-005 = y,=0033 
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Fig. 4. 
and the ratio Up/U, at the receiver input for various values 
of y = Af/ Fr, constructed on the basis of theoretical (with 
Kmax * 1) and experimental (for kmax » 1) data (the sharp 
bends in the curves correspond to the condition kryjgy = 1): 
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It is clear from Fig. 4 that, if it be required to pro- 
vide a small error for a large amount of noise (small 
5 ax / 8)» then it is advisable to work with large values 
of y, since this error will be attained for the greatest 
amount of noise. 
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Fig. 5, 


However, if 5,.,,/g is large, it is then more ad- 
vantageous to reduce the input filter's bandwidth (reduce 
y). Thus, for constant Up/ Us, there exists an optima! 
pass band of the input filter and, consequently, an optimal 
deviation frequency for which the mean-square error at 
the receiver's output will be minimal, The determination 
of the conditions corresponding to the optimal deviation 
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frequency was carried out experimentally. Figure 5 shows 
the function 6 max = 9(2Af), obtained experimentally for 
Tt = 35,5 msec, m = 17, f, = 1 ke, Fr = 2 cps,and kina = 
=1 for 2Af = 80 cps. The dashed line gives the theoretical 
function, constructed from formula (9b), It is obvious 
from Fig. 5 that the minimum error occurs for kma x = 1. 
The value of the optimum pass band can thus be defined 
from expressions (II,13)-(II.15). 


plein” 
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Fig. 6. 


The optimal deviation frequency will equal wq opt = 
=Auypr-w¢ and, for small Ws,wWgopt ~ A w. The presence 
of the optimal deviation frequency for kmax = 1 also fol- 
lows from the curves of Figs, 3 and 4, if one takes into ac- 
count the sharply increasing error for k,,,, >» 1. 

Knowing wg opt» one can determine the least value 
of error possible for a given ratio Up / Us at the receiver 
input, By substituting the value of wy 4), = A Wont ~ Wp, 
where A Wopt is defined by formula (i145), in (9a) and 
(9b), we obtain 





m 
0.175 oF 
8] = 9 (13a) 
min” opt *) Topt 
®bmin= 2-3 Sinin: (13b) 


If the number of noise pulses per second m + 2Af, 
then formulas (13) coincide with formulas (12), Figure 6 
shows 7 opt as a function of 6,,;,, obtained from formula 
(13b), It is clear that, for the choice of the optimal pass 
band for which the maximum range of the action of the 
telemetering system is provided, it suffices to know the 
system's error, its speed of response (the quantity W,), and 
the average number of noise pulses per unit time. After 
Y opt has been chosen, it is necessary to verify the condi- 
tion of nonoverlap of the transient responses from the in- 
dividual noise pulses at the input filter’s output, since the 
formulas obtained are rigorously valid only for this con- 
dition. The question of the receiver's noise stability when 
this condition of nonoverlap is violated requires additional 
investigation. 


SUMMARY 





1, With operation of a frequency receiver of a 
telemetering system under conditions of weak noise pulp 
of arbitrary duration (without special noise -protection 
measures having been taken), when the maximum am- 
plitude of the transient response to the noise does not ey. 8 
ceed the signal amplitude (krnax < 1), the reduced mem. 
square error at the receiver's output depends slightly 
the input filter*s bandwidth, decreases with increasing 
maximum deviation frequency, and depends on the dun. 
tion of the noise pulses in a complicated way. 

2. With frequency modulation and noise pulses, 
there exist a threshold of noise stability and an optimal 
value of deviation frequency, both occurring when km»): 
= 1, The conditions under which kmax = 1 are defined by 
formulas (II, 13)-(I1.15), 

3. The maximum value of the error (for the crit- 
ical duration of the noise pulses), obtained for complete 
employment of the input filter’s bandwidth and with the 
condition of nonoverlap of the transient responses to in- 
dividual noise pulses at the input filter’s output and the 
conditions that kinax ~* 1 and y = 5, does not exceed 
1,1% for an ideal characteristic of the output filter and 
2.5% for a bell-shaped characteristic. 

4, For Kmax * 1, the error exceeds the admissibk § 
one for telemetry, and it is necessary to take special 
measures to limit the noise pulses, 


APPENDIX I 


Discriminator‘*s Output Voltage with 
Noise Pulses Acting on the Receiver 











We now determine the discriminator’s output volt- 
age engendered by noise pulses if, at the frequency re- 
ceiver’s input (Fig. 1) there is applied a sinusoidal signal 
with amplitude U, and whose frequency depends linearly 
on the transmitted parameter A; 










u = U, cos [(wo + Amy) t + oo). (1.1) 
where ¢, is the carrier frequency’s phase at the moment 
of action of the noise pulse, A is the transmitted param: 
eter, varying from ~1 to +1, and there simultaneously 
acts a noise pulse with amplitude U, and duration T By 
placing the time origin at the center of the noise pulse, 
we can present it in the form of a difference of two de 
voltage jumps, one of which acts at time t = -1/ 2,the 
other at time t=T/ 2, When one voltage jump acts of 
input filter F,, the filter’s output voltage can be givenas 


Us = A (t) COS wot, (1.2) 
where A(t) is the voltage envelope of the transient re- 
sponse, 

Using the principle of superposition for the action 
of two.jumps, i.e., the noise pulse, we can write the fil- 
ter’s output voltage as 


un = A(t + +) COS Wo (« + 5)-A (t As >) COS Wo (1-3) 
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We give this expression in the form 


U n= B (t) cos [wet + 0 (¢)}, (1.3) 


where B(t) is the voltage envelop of the transient re- 
sponse engendered by the noise pulse of duration tr; @(t) 
is the phase of the transient response voltage, 


B(t) = G («+ 5)+ a(r—>)— 


—2A(t+ 5) A(t— J) cos ws | (1.4) 


7 T 
A(t+—)+A t-5) 
Q(t) = arctg ( z) ( . te. (1.5) 


A(t++)—4(t—3) . 


The resulting voltage from signal and noise at the 
output of filter F, will equal 


U, = U cos [(@ + Awd t + Go] + B(t) cos [wot + 0 (t)] = 





= S§ cos [wot + ¢ (2)], (1.6) 
where U is the signal amplitude at the filter*s output. 
The phase of this oscillation is 


U sin (Awgt + 90) + B (t) sin 0 (t) 


p(t) = are tg 7 (Aw ¢ + 0) + B (t) cos @ (t) * sii 


The deviation of the frequency of the resulting 
oscillation from the mean frequency Ww, is determined by 
the time derivative of the function ¥(t), i.e., by the 
magnitude of d¥/ dt, and the deviation of the frequency 
of this oscillation from the signal's frequency (equal to 


Wp + Awy) is defined by the expression A w;(t) = d¥ / dt- 
—-rAw 
d’ 





By differentiating, we obtain 
Ao, (t)= 


k? +k cosy 
1+ k? + 2kcosy ’ 








— ony 
1 + k? + 2k cos 7 ‘ dt 


(1.8) 


where 






k= k(n =F, 1 = hogt + Go — 0 (t). 


For k < 1, the fractions in (1,8) can be expanded 
in simple series; 








; fore) 
sin 7 = 
1+k?+ 2kcosy — d+ maggie. 
n= 
W+koosy — in 
Thales >) k” cos ny. 
n=1 










With this, formula (1.8) is written in the form 
So. (t) = 


dk 


(— 1)" dk k"—" sin n —( eS s) k” 
= (— 7 ¥} Y oF 7 >} cosny>. 


n=1 n=1 
(L9) 
By assuming an ideal frequency discriminator, i.e., 
one whose output voltage is directly proportional to the 
deviation of the frequency from the mean value ws: 


Mout .d = § (@ — @o), (1.10) 


we get from (1.9) that the discriminator’s output voltage, 
when noise pulses act on the receiver's input, will equal 


Uout (t) = sho, (t). (1.11) 

In what follows, we shall assume the slope of the 

discriminator's characteristic to be s = 1, For the case 

of a bell-shaped frequency characteristic C(w) of input 
filter F; 


(o—®e,)* 
(24@)* ’ 





rT 
2 


C (w) = Coe (1.12) 


where Aw= 2nAf and 24f is the bandwidth, the voltage 
envelope of the transient response at the filter's output 

when a de voltage of magnitude Up, acts at the input is 
determined by the formula [6] 


2 Aw 


g _ Ao 
A(t)= Age #"* =s V8 UnCo do, msg (1.13) 
rT Wo 


APPENDIX II 


Energy Spectrum of a Sequence of Noise 
Pulses at the Discriminator Output 








The expression for the energy spectrum of the 
sequence of noise pulses appearing at the discriminator's 
output when random noise pulses act at the receiver's 
input has the form [7): 


W (@) = 2m| F (@) |*, (11.1) 
where | F(w) | is the modulus of the spectral density of 
an individual noise pulse and m is the average number 
of pulses per second, 

The spectral density of an individual noise pulse 


F (w) = \ Mout (t) etl (11,2) 
—oo 
can be written in the form 
F (w) = A() —iB(w) =| F (w)je-™’, (1.3) 
where 
A(w) = \ Wout (t) cos wt dt, B(t) = \ Wout (4) sin wot de, 
—0o —oco 
(11.4) 


and Upyr(t) is defined by formula (1.11). 
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By substituting the value of Upyr(t) in (11.4) and computing the integrals, we obtain the expressions for the rea] 
and imaginary parts of the spectral density in the form 


A (@) = Dy A,, (w) = 5 = —_ ~ \ [Ao J sin n Pays + 9o — 9 (t)] sin wt dt, (11.5) 
n=! —0o 


Le 3) 


B () = S B,,(@) = Y) So! \ [AP [sin Pog + Qo — 9 (t)] cos wt de. 
n=) n=1 —10 


By carrying out a number of trigonometric transformations, and by taking into account, as follows from (1.3), 


B (t) cos0 (t) = [4 (« + +) ae (« a Ze cos % , 


that 








B (t) sin @(t) = [4 (« + >) +A(t— x)| sin wat (11.6) 
we get, for A(w) and B(w), that 
co co 
A (w) = >} A, (@) = >) [Agn—y (©) + Agn ()). (11.7) 
n=1 
where 
2n—ley sin (2n — 4 ¢ [Bwpr 
A,,—, (@) We at. samt n — 1) Go \ a cos (2n — 1) @ cos (2n — 1) hw gf sin wt dt + 
—0oo 
* [B(t)}2n— 
+ \ [Fr sin (2n — 1) 9 sin (2n — 1)Awgt sin wt dt | ’ 
. 
Sad — 2n ry n 
A,,, (®) = <5 1 ol cos 2n8 sin nhogt sin wt dt — \ bal sin 2n8 cos 2ndwgt sin wtat | . 
co co 
B(w) = >} B,(@) = >} (Ben; (@) + Byn (0), (11.8) 


n=l n=1 





where 





co 
Byy,_, (@) = — ic rt ¥ — 1) 0 [ \ rr cos (2n — 1) @ sin (2n — 1) Awgt cos wt dt — 


—0oo 


© [B(t)]}2n—1 | 
oll \ | sin (2n — 1) @ cos (2n — 1) Awgt cos wt at| ’ 
—oo 











—1)?"*—lo 5} ° ¢ [B 
B,,, (©) = — = on a a [ \ ep cos 2n8 cos 2nAw¢ cos wt dt +- \ cae sin 2n8 sin 2nAayt cos wt at| ’ 


—oo —co 





It follows from (II.7) and(I.8) that, after averaging over the phase angle #,» for its equiprobable values, one 
obtains the following valid relationships 














[A(o)* = >) (4, @)), (B(@)}? = s! (B,, (@)]*, 















since sin n %, cos 1¢,=0, sin k@, sind ¢, = 0 and cos k#% cos! ¢ y= 0, 
With this, the energy spectrum of (II.1) can be written in the form 


W (@) = 2m >) IF, (@) 
n=] 


where | Fy(w)|* = [A,(w) }* + (By(w)}?. 
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the rea} 


(I1.5) 


1 (1.3), 


(11.6) 


(11.7) 


it| , 


(11.8) 


wt at| : 


ss, one 


(IL9) 








We now express the values of B(t)"cos n@(t) and B(t)" sin n@(t) in terms of their values for n = 1 (11.6), sub- 


stitute them in the expressions for Ap( w) (IL7) and Bp,(w) (IL.8) and thenintegrate, In finding [An(w)]” and [By (w)}* 


the formulas 


V 8U,,CoAw 





Ao= » &B 


TWo 


ounintees @ \2 U,\2 m4 
| Fro) p= 4(2) (ae) {1 — cos (we + do4) + cos wr — ( 


VFavey = 4(2) () [4 (22) ( 


how 
+ _ («3 (<.)sin 2 (wo + hoy) <sinwt—4e ? lows (@o + Aw) T cos 


Aa 


rh r 
+ _ (<2 (x) Sin (@) + Awg) + sin 5 | + 2<-Pr'} ‘ 





x Wo 


s 
ho a 


$C fae + 2) ene 





Formulas (II. 10)-(IL,12) are valid for kyy4y = 
=B(tymax/U< 1. We now determine the maximum val- 
ue of Un Aw / U, Wo for which the condition kjax < 1 
holds, 

The signal amplitude at the output of filter F, 
nm (@—o,)? 


| UC (w) —_ Us Cee 2 (24@)* 


has its maximum value for w—w» = A wg = wg. Since 
Wg =Aw-w~ © Aw (for small w¢), then Upjn = 0.677 
UsCo. 

If wet “« 1 then, as follows from (II.4), B(t) ax™ 
= AgwoT and, for the condition k,,,, < 1 to hold, it is 
necessary that the following inequality hold 


Un 


- Awt < 0.78. 


v, (IL, 13) 


If the transient responses from the leading and 
trailing edges of the individual noise pulses virtually do 
hot overlap, which occurs, as follows from (1,13), for 
{Br > 4, then B(t)max = Ao and , in order for the in- 
equality k..4, * 1 to hold, it is necessar: that the fol- 
lowing condition be met 


< 0.75. (II, 14) 


When the transient responses from the noise pulse 
edges do overlap, i.e., when 4Br < 4 and when, for 
definite values of noise pulse duration, the responses may 
Overlap in phase and the total reaction be doubled, one 
must assume that B(t)mnax = 2Ag. Then, to obtain the 
condition that k,,,, * 1, one must have the relationship 


oil (te) (a 


_ 2Ae? 








we get that the following real relationships hold for telemetering systems in which Wyay/ Aw = we/Aw = 0,2 and 
wWq = Aw-wF: 


U, 
Us 


and substituting in these expressions the values of Ag, 68,and Cy / U, defined in accordance with (1,12) and (1,13) by 


= (<7 


e8 Ao 
Us ° 


— 


IS 


, 


4 x (x) sin (a + day) + sino} (11.10) 
| {1 — COS 2 (@ + Ay ) t cos wt + 
fe 
oT 
> + 
(IL,11) 
y| {1 — cos 3 (wo + ho,) = CoS wt — 
(11,12) 


















U 
_n Ae — 9375. 
Us Wo 


(11,15) 


By taking into account that condition (11,15) must 
hold for 0 < Br < 4, we obtain the following formulas 
for the coefficients of expressions (II,10)-(II.12) 


- _ 1 (Aw? Un\2 
y= OR n= a(S, (x) < 0.0143, 
2.38 /Aw\4 (Un \4 - 
w= 2 (A) (zr) < 0.000487. 


For 7ST > 4 and condition (II.14) being met, 


From the values obtained for the v, it is clear 
that, with an accuracy sufficient for our purposes, we 
can set 


vy, = 1, 


| F (o) P =| Fi(o)/*, 


since 
| Fy (@) |* >| Fs (@) |* >| Fs (@) P*. 
Thus, the energy spectrum of the sequence of 
noise pulses at the discriminator output for Wyy,y/Aw = 


=w/Aw <0,2and Kmax = B(thmax/U < 1 is defined by 
the equation 


W (w) ~ 2m| Fy (@) |*, 
where [F,w)]* is found from formula (11.10) 


The constant (dc) component of the sequence of 
noise pulses at the discriminator [7] 


(11. 16) 
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| mF (0), 


(11.17) 
equals zero, it following from (IL5) that F(0) = A(0)- 
~ 1B(0) = 0, 

Due to the absence of the constant component of 
(11.17), the discrete portion of the energy spectrum of 
the sequence of noise pulses at the discriminator output 


(consisting, in the general case, of a discrete and a con- 


tinuous portion) will equal zero, and formula (II.1), de- 
fining the spectrum's continuous portion, will be valid, 
for equi probable values of ¥», both for chaotic and for 
periodic trains of noise pulses, 
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AUTOMATIC CONTROL SYSTEMS 
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ON AMPLIFIERS OF ERROR SIGNALS OF ELECTRICAL 


(Translated from: Avtomatika 1 Telemekhanika, Vol, 21, No. 1, pp. 106-111, January, 1960) 


Original article submitted February 16, 1959 


A new principle of designing synchronous detector circuits is presented which permits a significant lower- 
ing in the magnitude of the lag * introduced in the transmission of a signal by amplifiers of slowly varying 
voltage. The circuits permit the broadening of the domain of applicability of such amplifiers in automatic 
control systems where amplifiers with galvanic connections cannot provide high accuracy. 

A qualitative analysis is given of the lag introduced by amplifiers in existing synchronous detection 


circuits, 


The simplest amplifiers of error signals in automat- 
ic control systems are amplifiers with galvanic connec- 
tions, Their disadvantage is that the drift of the output 
voltage [1, 2] and the indeterminacy of the initial state 
determine the limits of the accuracy with which the sys- 
tem can maintain a given value of the controlled quan- 
tity. Amplifiers with preliminary transformation of error 
signal voltages to ac carrier-frequency voltages [3] allow 
the system accuracy to be increased by at least two orders 
of magnitude and, with very good regulation, even higher, 
although in theory there is also drift in these amplifiers 
[4], However, such amplifiers transmit signals with signif- 
icant lag which, in some cases, can lead to a loss of sys- 
tem stability. 

The *inertia® of amplifiers with transformed input 
voltages has received little treatment in the literature 
[5]. Below, we give an approximate quantitative esti- 
mate of this quantity, and present a significantly less 
*inertial*principle for designing such amplifiers, 
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The lag in amplifiers with transformed input volt- 
age is induced by the filters which smooth the voltage at 
the output of the synchronous detector circuit following 
the amplifiers, Figure 1 a shows one of the widely used 
synchronous detector circuits; Fig, 1b shows a some- 
what simplified graph of the output voltages Uf and Uf 
of each section of this circuit, The difference of these 
voltages constitutes the output voltage U, of the syn- 
chronous detector and amplifier as a whole, 

For adequate smoothing of the output voltage, it is 
necessary that the following condition hold 

T 0 < tT, (1) 
where Ty is the period of the carrier frequency voltage 
off which the transformer of the input voltage operates 
and T = RC is the smoothing filter*s time constant, When 
condition (1) holds, the de component of voltage U, will 
have the magnitude 

Us = Wi (1—- 3), (2) 
and the relative magnitude of the pulsation is found from 
the formula 
To 
( pulse max ali 7 
U av T)\ ° 
be 2 (1 _ x) 


Figure 2 shows Ugs and «€ as functions of the smooth- 
ing filter's time constant, 


t= 





(3) 
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Fig. 2. 
* In this paper, we understand by the terms “lag* and 
"inertia® a sum of factors which give rise to any distor- 
tion, other than scale-factor changes, of the output signal 
as compared to the input signal, 





The transient response of the synchronous detector 
(and, consequently, of the amplifier as a whole), i.e., 
its reaction to an abrupt change in amplitude of the 
detected voltage Uj, is a complicated function of the cir- 
cuit parameters and of time. By simplifying the outlines, 
we can show that 

a) for an abrupt decrease of U;, the fall of the out- 
put voltage will follow a law close to an exponential one 
with a time constant somewhat larger than 


b) for an abrupt increase in Uj, the rise of the out- 
put voltage will follow a law close to an exponential one 
with a time constant somewhat larger than 


RR, 
r~ RR, C. (5) 

Here, R, is the resulting resistance of the circuit 
through which the condenser charges (the resistance of 
the diode, the transformer, etc.). 

The rise and fall of the output voltage do not fol- 
low purely exponential laws because, in the given cir- 
cuit, they are not continuous processes, e.g., with rising 
voltage, the condensers only charge during fractions of 
the positive half-periods while, during the rest of the 
time, they discharge through their load resistances, 

We now construct the amplitude and phase fre - 
quency characteristics of the amplifier, with the assump- 
tion that its input voltage, i.e., the error signal voltage, 
varies harmonically 


t 


Uin = Uy cos o,f. (6) 


For a given frequency ws, of the modulating volt- 
age, the frequency ws of the input voltage must lie with- 
in the limits of 


0 < @) < (0.1 = 0.2)ao, (7) 
since otherwise the amplifiers’s modulating device could 
not transmit the form of the input voltage with sufficient 
accuracy [3]. With this, the detected voltage U, will be 
a sinusoid with variable amplitude 


U; = (Um cos w,t) sin Wot. (8) 


For estimating the possibilities of using the am- 
plifier in a closed dynamic system, we shall consider 
its circuit with the larger of the two actually existing 
ume constants of (4) and (5), i.e., with the time con- 
stant T ¢ = RC, 

The equivalent circuit will be that shown on Fig. 
3, from which we obtain 





ae (9) 
in Vite" 


tgp = — arty. (10) 
Here, k is the over-all gainand ¥ is the phase shift 

of the amplifier’s output voltage with respect to its in- 

put voltage, 
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Figure 4 shows the amplitude and phase frequency 
characteristics of the amplifiers computed by these fey. 
mulas, The parameter of the characteristics is the rela: 
tive time constant of the detector’s smoothing circ ut, 
B = T,/t. These characteristics are universal, being 
valid for all forms of synchronous detector circuits, in- 
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Fig. 4, 





cluding the so-called fast-acting variants of [6]. It is 
clear from the curves of Fig. 4 that, for good smoothing, 
the amplifier’s output voltage reacts only to very slow 
changes in the input voltage, while even in this region, 
i.e,, the region of very small values of w,, the phase 
shift of the output voltage with respect to the input volt: 
age retains a significant size. These disadvantages of 
amplifiers with transformers oblige one to search for 
new solutions, Such, for example, are amplifiers with 
galvanic connections, corrected amplifiers with trans- 
formers [7], circuits with automatic zero correction [8}, 
etc, 
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The "inertia® of an amplifier with transformation 
of the input voltage can be significantly decreased if 
the smoothing of the output voltage is implemented, not 
by means of accumulators of energy (on the circuit of 
Fig. 1, the capacitor C is such an accumulator of ener- 
gy), but by the filling of the "holes" between the pulses 
of output voltage by pulses obtained from a detection 
circuit, If the transforming device transforms the input 
voltage to rectangular pulses (as, for example, in the 
case of transformation by means of a contact chopper) 
and the reference voltage also has the form of rectangles, 
one could then theoretically get rid of the smoothing 
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condensers at the output, Figure 5 shows the block sche - 
matic of a synchronous detector and the graphs charac~ 
terizing its operation in the case when the reference and 
the detected voltages have the form of rectangular pulses, 
We assume that there is a second such circuit, operating 
on the same load resistance R, but at those intervals of 
time when the first circuit is cut off by the reference volt- 
age, i.e., the operating cycle of the second circuit is 
shifted by m with respect to the operating cycle of the 
first circuit. Then, in the ideal case, the output voltage 
(the voltage on load Rg) will have no pulsations, Figure 

6 gives the functional block schematic of an amplifier 
with a transformer of the input voltage and an inertia- 
less two-cycle synchronous detector, while Fig. 7 gives 
the graphs which characterize its operation. The difficul- 
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ties related to the realization of this principle have todo, 
principally, with the accuracy of synchronization of the 
operating cycles, and with the accuracy of matching the 
characteristics of the two channels, Figure 8 shows a cir- 
cult which is one of the possible variants of the solution to 
this problem. The basis of the circuit is a two-cycle syn- 
chronous detettor (tubes Ly and Lg) analogous to that con- 
sidered above, The circuit’s rhythm of operation is given 
by the independently driven multivibrator LygLy in whose 
circuit there is the capability of tuning symmetric cycles, 
The reference voltage of the synchronous detection cir- 
cuit is formed by amplifier-limiter Lag and split by phase - 
inverter Lg. The contact transformer of the error signal 
voltage, implemented by polarized relay PR-4, is con- 
nected at the output of the symmetric cathode follower 
Lealgh. The adjustment of the equality of the intervals 
of open and closed states of the contacts is regulated by 
the delay time of single flip-flop oscillator Lyal4b, from 
which the controlling pulses for the grid of the cathode 
follower are obtained, Synchronization of the input volt- 
age pulses with the reference voltage pulses is so per- 
formed, that triggering of single flip-flop oscillator 
laa lg, is carried out with some lag with respect to the 
reference voltage pulses, The delay time is established 
by means of regulation single flip-flop oscillator LgaLy,, 
triggered by the edges of the reference voltage pulses, 
Tubes Legg and Le} form an amplifier-phase -inverter for 
the transformed error signal voltage. 

With inexact adjustment, there are some pulsations 


in the amplifier*s output voltage, for the smoothing of 
which capacitor C must be connected, as shown with a 


dashed line on the circuit diagram, However, even with 
comparatively inexact adjustment, to attain smoothi 
of the output voltage in the given circuit which is com 
parable with the smoothing obtained in the ordinary sy. 
chronous detector circuits, there is required a time con- 
stant of the smoothing circuit which is less than the usy 
one by several tens, 
The gain of the system shown on Fig. 8 is about 

400, To increase the gain, it is necessary to include oy 
or more amplifying stages before the circuit of phase-ip. 


verter Lea leb. 
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DETERMINATION OF MAGNETIC CONDUCTANCE 


(Translated from: Avtomatika i Telemekhanika, Vol. 21, No. 1, pp, 112-118, January, 1960) 


Original article submitted May 28, 1959 


A method is considered for the calculation of magnetic conductance for a geared stator and rotor, with 
flux leakage being taken into account. Functional relationships are established for the determination both of 
the total magnetic conductance and of the coefficients which take into account flux leakage. 


The method developed can be used for designing electric hammers, geared inductive transducers, pitch 
and pulsed motors, and other electromagnetic systems, and also for the computation of the flux pulsation in the 


teeth of electrical machines with geared rotors and stators, 

In contemporary technology, broad use is made 
of various electromagnetic mechanisms with moving 
and immovable geared portions, 

The computation of the magnetic circuits of such 
mechanisms is virtually untreated in the literature, Or- 
dinarily, for computing the magnetic conductance of an 
air gap, it is recommended that one use awkward graph- 
ical methods, The greatest difficulty is presented by the 
accounting for flux leakages, If one knows the magnetic 
conductance with flux leakages taken into account, the 
problem is significantly simplified. An extensive liter- 
ature [1-3] is devoted to computational methods for this 
case, 

The flux leakage in certain mechanisms with 
geared rotors and stators is large, and sometimes exceeds 
significantly the basic flux, In some of these mechan- 
isms the flux leakage is almost constant [4], but it varies 
sharply in the overwhelming majority of the cases, Some- 
times, Carter's formula [5, 6] is used for calculating 
leakage fluxes, but for small air gaps its use gives under- 
stated results, 

In the present paper we present a formula forcal- 
culating the magnetic conductance of an air gap for 
geared stators and rotors, 


Definition of the Fictitious Air Gap 





We shall agree to give the name “rotor” to the 
moving part of a magnetic circuit, independently of 
whether its motion is reciprocating or rotational, The 
nonmoving part of the circuit we call the stator. The 
flux between the teeth of the stator and rotor we shall 
call the basic magnetic flux, The magnetic fluxes in 
the grooves, in the face ends, and through the ribs of the 
teeth we shall call the leakage fluxes. It must be said 
at once that, in many cases (for example, in electrical 
machines), the leakage flux is not a parasitic flux, but 
is added to the useful basic flux. However, even inthis 
Case, we shall call it a leakage flux. 

There are the following leakage fluxes between 
the stator and rotor teeth (Fig. 1): 1) lateral leakage 




























































Fig. 1, 


flux @,; 2) face end leakage flux ,; 3) leakage flux 
through the ribs of the teeth $3; 4) the leakage flux of the 
coil, i.e., the leakage flux through the air around the 
coil, 

The leakage flux of the coil is constant for prac- 
tical purposes, and may be computed by multiplying the 
greatest value of the basic flux by the coefficient 9 = 
= 0,05 to 0,2, The coefficient 9 depends on the design 
characteristics of the magnetic circuit. In the sequel, 
we shall not consider the leakage flux of the coil, 

We now introduce the concept of the fictitious air 
gap 5°. For this we shall consider the air gap to be uni- 
formly distributed (by considering the rotor and stator to 
be smooth), and a change in the magnetic conductance 
of the air gap will be taken into account by a change in 
the fictitious air gap. 

If the flux leakages are ignored, then the fictitious 
air gap will equal 


8 an ameithnnpe un incall, a) 


a / l l 

7 \f _ =) 0.5(1 _— —) 
where 5, is the actual air gap, a is the width of the 
teeth, t = 2a is the pitch of the teeth, i.e., the total 
width of the tooth plus the groove,and! is the relative 
shift of the rotor and stator teeth, 


We now consider how one may take leakage fluxes 
into account with the determination of the fictitious air 





15 





gap 5°. For simplicity of the reasoning, we shall assume 
that the rotor teeth are against the stator teeth, i.e., that 
t =0, 

The magnetic conductance of the basic flux on 
unit tooth length equals 

oS Bod 
- T= a (2) 

where jg is the magnetic permeability of air and §S is 
the area through which the basic flux passes, In ourcase, 
S=a, 

Moreover, the flux leakages induce additional 
magnetic conductance, This conductance, per unit tooth 
length, equals 


po2a 
= (3) 





b= hy 


The leakage fluxes are not closed only through 
the area S = a, but the magnetic conductance of the 
leakage is attributed to it. 

In formula (3), k, is the coefficient of leakage 
which takes into account that the equivalent air gap 
5» equ for the leakage fluxes will not equal gap 454: 


Soequ = 8o/ky . 
As follows from the definition itself of the ficti 
tious airgap, the total magnetic conductance equals 


_ po2S oda 
&.= 0’ — - * (4) 


On the other hand, the total magnetic conduc - 
tance is 








& =8+ 8}. 


By substituting the values of the conductances from 
formulas (2), (3), and (4), we get that 





}o2a _ Hoa Ho2a 
ieee hed ky oo (5) 
or, after some transformations, 
emma: ° 
° =O5+h, 


If the rotor teeth are shifted relative to the stator 
teeth, i.e., if? 4 0, then, by taking formula (1) into 
account, we get 
Bo 


05(1— |) +A 





o = (6) 


Taking into Account the Magnetic Con- 
ductance of the Lateral Flux Leakage 








The coefficient which takes into account the mag- 
netic conductance of the lateral (side) flux leakage de- 
pends, in addition to everything else, on the shift of 
the rotor teeth relative to the stator teeth. We shall 
therefore first determine it for the case when the rotor 
teeth are against the stator teeth. 

It is clear from expression (3) that the computa - 
tion of the coefficient of side leakage k, = k, reduces 
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to the computation of the magnetic conductance of the 

lateral leakage per unit length g, = gj, since the re- 

maining quantities of expression (3) are already known, 
If we assume that the magnetic lines of forces are 

semicircles, then the conductance equals [2] 

2a 


» oe oe J 
g = ny | | 


1 


If they are assumed to be semi-ellipses, then [2) 


(1) 


gat Vata, 
g, = tin [14 22+ Vera . (8) 


If they are considered to consist of four portions 
of circles and straight lines, we then obtain [2] 


g1= ein [14 + =|. (9) 


do 























Fig. 2, 


We now consider what form the actual lines of 
force might have, On Fig. 2, we have constructed the 
outlines of the magnetic field in the grooves for the 
groove depth equal to its width. For this construction, 
the steel surface was taken as an equipotential surface 
which, in the given case, is completely admissible, even 
for comparatively large values of induction, 

It is clear from Fig, 2 that the magnetic lines of 
force differ significantly from semicircles or parts of 
ellipses, Moreover, for various values* of Xs the mag- 
netic lines of force are described by different equations 
and, for x = a, reduce to straight lines, In this case, 
the mean length of the magnetic lines of force equals 
approximately 1, = 3x +59; for small x the lengthis 
> 3x + 5, and, for large x, 2 , <3x + 5, and, for in- 
creasing x, approximates to the valuel, = 2x+ 5» 


*We denote by x the distance between the magnetic 
lines of force and the beginning of the groove for equipo” 
tential surfaces equally spaced from the teeth, 
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The area through which the magnetic flux passes is not 
constant, but varies per unit length from 0.5 to 1.5a, 
there being a corresponding change in the area of the 
elementary force tubes from 0.5 to 1.5 dx; in the mean, 
this area equals dx, 

The estimates given are also approximately valid 
for other relationships of the size of the air gap and the 
teeth dimensions, 

By substituting these mean values of length and 
area of the elementary force tubes in the formula for 
computing magnetic conductance, we get 


a 
dx 
a 


Bs = £1 = to) > ta 
0 


= Finer ige—in(14¥). ao 


Finally, we take the following formula which gives 
the results coinciding most exactly with experimental re - 
sults: 


{5 = ton 1 +=). (11) 
we \ Yo 


From expressions (3) and (11), we obtain the ex- 
pression for the coefficient of lateral (side) leakage 


ks - bo/ . (12) 


Tra 
We now consider how the coefficient of lateral 
conductance varies as the rotor teeth are shifted (dis- 
placed) with respect to the stator teeth, 
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Let the rotor teeth be displaced relative to the 
stator teeth by half a tooth (Fig, 3b), In this case the 
a 
Conductance g, = po J dx/ly will be twice as large 
0 


as in the case with nondisplaced teeth (Fig. 3 a), since 
here the length of the magnetic lines of force is twice 





as small, Consequently, the coefficient of side conduc~ 
tance will be twice as large here. The coefficient of 
side (lateral) conductance will be exactly the same if 
there are teeth only on the stator, the rotor being smooth, 
or conversely, 

We now consider the case when the rotor teeth 
are against (opposite) the stator grooves (Fig. 3 c). Here, 
‘ne coefficient of lateral conductance will be twice as 
large as in the previous case, i.e., four times larger than 
for nondisplaced teeth. We take the variation of the co- 
efficient of lateral displacement into account by intro- 
ducing a coefficient of teeth displacement kj, which is 
defined by the graph of Fig. 4. This graph was construct- 
ed with experimental results being taken into account, 
these results showing that the curve of the magnetic flux 
of such electromagnetic mechanisms is a straight line 
when the teeth displacement lies within the limits of 
L/ a= 0,2 to 0.7 and, for larger and for smaller values 
of / a, becomes curved, Analogous curves of the flux 
were also given by Yasse [4] (for two teeth), 

The formula for determining the fictitious air gap 
takes the following form: 


bo 


s’ = —— 
0.5(4 an =) + kik 





(13) 


This formula can be applied in all cases when 
chere are narrow and long grooves, If the grooves are 
only on the rotor, or only on the stator, then the coeffi- 
cient ks must be doubled, whereby it no longer depends 
on the position of the rotor, Then, the formula is writ- 
ten in the following form: 


(14) 


For electrical machines, formulas (13) and (14) 
give results which coincide closely with those computed 
by Carter's formula [7]. 


Further Refinement of the Formula for 
Determining the Fictitious Air Gap 








Formula (13) gives incorrect results for short 
grooves, In this cese it is necessary to take into account 
the face leakage flux and the leakage flux through the 
ribs of the teeth, 

The coefficient of face end leakage can be com- 
puted analogously to the coefficient of lateral leakage, 
assuming the depth of the grooves to be significantly 
greater than the width, but the active depth equal tc 
the groove width, 

The length of the magnetic lines of force canbe 
taken equal to! , = 3,5x + 5», on the average, andthe 
cross section of an elementary magnetic force tube per 
unit length equal, on the average, to approximately dx, 
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The magnetic conductance of the face end flux 
leakage equals 


a a 


cto) 


& [In (8.092 


=vol 35553, 3. a 


re 


Ao = sn (4 + 3.5 x) » (15) 


from whence we obtain, for the coefficient of face end 
conductance, 
f a ‘ 
3, In(4 - 3.5 =| as Sy In (1 +35 - - 


= - Oy ‘ 5 += O% pf 
ke 5 3.5a b 3.5b 





, (16) 


where b equals the groove length, 

As the rotor teeth are displaced relative to the 
stator teeth, the coefficient of face end conductance, 
i.e., the leakage flux through the face end, just as with 
the basic flux, decreases linearly. 

We now take into account the conductance of the 
teeth ridges, If one equates the conductance of the 
ridges with the conductance of the face end, it is then 
easily calculated that the coefficient of ridge flux for 
undisplaced teeth equals 0.6K p. When the rotor teeth 
are opposite the stator grooves, this coefficient is dou- 
bled, since the flux contains an angle twice as large. 
We assume that the coefficient of flux leakage through 
a ridge varies linearly as the rotor teeth as shifted with 
respect to the stator teeth (although, in actuality, it 
varies in accordance with a more complicated law), 


The formula for calculating the fictitious air gap 
when one takes into account the coefficients of face end 
flux leakage and ridge flux leakage takes the following 
form: 


i’ — a ~ 
(1 - -) (0.5 + kg) 4 U.Gkg (4 ry “) + kyks 





» (17) 


where k, and Kr are defined by formulas (12) and (16), 


Taking the Reluctance of the Magnetic 
Circuit into Account 








Formula (17) makes it possible to calculate the 
magnetic conductance of an air gap with the flux leak- 
ages taken into account. However, for small air gaps 
59, the reluctance of the magnetic circuit becomes com- 
mensurable with the reluctance of the air gap, and must 
therefore be taken into account. 

As is well known, for ferromagnetic materials the 
dependence on ampere-turns of the magnetic flux is non- 
linear, and is given by the magnetization curve, Con- 
sequently, the magnetic circuit's reluctance is not con- 
stant, but depends on the ampere-turns applied, 

It is simplest to take the magnetic circuit's re- 
luctance into account graphically, For this, we decom- 
pose the magnetic circuit into a series of portions (seg- 
ments) such that the cross-section of the magnetic cir- 
cuit will be invariant on each segment, For each por- 
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tion one constructs, from the magnetization curve for 
the given type of steel, the magnetization curve of the 
segment multiplied by the value of induction from the 
first curve on the segment’s cross section, and the field 
strength (specific ampere -turns) on the segment’s length, 

Thereafter, one constructs the magnetization cur, 
of the entire magnetic circuit, adding up, for arbitrary 
values of magnetic flux, the ampere -turns of the seg- 
ments of the magnetic circuit, 

After this, it is necessary to construct the depend- 
ence of the magnetic flux on the ampere-turns for the 
air gap. For this, we give ourselves the ampere -tums 
iw and compute the magnetic flux # in the air gap m- 
der the assumption that the magnetic circuit's reluctance 
equals zero: 


ww 


Dy = = pS, (18) 


where §S is the area of the air gap. 

















iw fw 


Fig. 5. 


Since the magnetic flux depends linearly on the 
ampere -turns for the air gap, the corresponding graph 
can be constructed from two points by drawing the 
straight line which passes through the origin and through 
the point with coordinates iw, @», For convenience, we 
construct this line by the points with coordinates iw, 0, 
and 0, %, (Fig. 5). 

Then, the point of intersection of the magnetic 
circuit’s magnetization curve and the line for the air 
gap will also be the graphical solution of the problem, 
i.e., we shall have found the magnetic flux of the mag- 
netic system @ for the given ampere-turns, If the flux 
is divided by the ampere -turns, the quotient will be the 
magnetic conductance for the given conditions, 

Such computations can be repeated for various 
shifts of the rotor teeth relative to the stator teeth, i.e., 
for various fictitious gaps, Naturally, the magnetization 
curve of the magnetic circuit will not thereby be varied. 

The data thus obtained can be employed in the de 
dign of all the possible electromagnetic devices, 

The magnitude of the magnetic conductance and 
its variations as a function of the displacement of the 
rotor teeth relative to the stator teeth can be converted 
to terms of forces, moments (torques), or inductions, de- 
pending on the purpose for which the device being de- 
signed is intended, 











In conclusion, the author wishes to thank L, K, 
Shrago for reading the manuscript and for making a 
number of valuable comments, 
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The effect of nonuniformity of magnetization on the static characteristics of cores is considered, The 
computations are given for the limiting magnetization polarity reversal loop of a core, the symmetric and 
biased magnetization polarity reversal loops, and the “basic magnetization curve*, 


Recently, in various branches of automation, re- 
mote control, and computing technology, wide use has 
been made of magnetic amplifiers employing cores with 
complicated forms of magnetic circuits (magnetic cir- 
cuits with variable cross sections, ramified or multi- 
branched magnetic circuits, etc.). Among the magnetic 
devices with ramified magnetic circuits are the "trans- 
fluxers" which can be used as decoders, logical elements, 
memory devices without destructive read-out, etc, The 
magnetization of the magnetic circuit in such de- 
vices occurs nonuniformly, and is fundamentally con- 
ditioned by the geometric form and the dimensions of 
the magnetic circuit, and also by the physical position 
of the magnetizing windings, In [1, 2] was considered 
the question of taking into account the effect of non- 
uniform core magnetization on its static characteristics, 
the present work being a development of the earlier ones, 
In [1, 2], the authors determine the magnitude of the 
magnetic induction of a toroidal core as a function of 
the field strength, B = f(H). With this, the field strength, 
is taken, in [1], relative to the mean core radius 
R= (Ro + R,)/ 2 and, in [2), relative to the mean 
harmonic radius Ry = (Ro —Rj/ In(R,/R).* From 
our point of view, one can more simply and more 
graphically derive conclusions by using the relationship 
B = f(F) instead of B = f(H), where F is the number of 
ampere -turns of the magnetization, The advantage of 
introducing such a relationship is particularly clearly 
seen when one takes into account the nonuniformity of 
magnetization in a multibranched magnetic circuit, 
where the relationship B = f(H) loses its meaning, 
since it is not known relative to which length of lines 
of force the field strengths are defined, 

The present work is devoted to accounting for the 
effect of nonuniformity of core magnetization on its 
static characteristics for various core geometries and for 
various modes of magnetic polarity reversal, In this por- 
tion of the work, all the basic relationships are derived 
for toroidal magnetic circuits when they undergo com- 
plete, and partial, reversal of their magnetic polarity. 
Basic Statements 


The hysteresis loops of all magnetic material can, 
with sufficient accuracy, be presented by two forms of 
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THE EFFECT OF NONUNIFORMITY OF MAGNETIZATION 
ON THE STATIC CHARACTERISTICS OF CORES. I 

























































Fig. 2. 
idealized hysteresis loops (Figs, 1 and 2), Each form 
of loop corresponds to a definite group of materials. 
Within each group, the materials can be distinguished 
from each other by the following parameters; bg, the 
saturation induction; b_, the induction at the beginning 
of magnetic polarity reversal; h, the saturation field 


* Publishers’ note - "o® and "i® are "outside diameter ’® 
and “inside diameter,” respectively. 
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strength; hp the field strength at the beginning of mag- 
netic polarity reversal, Such idealized material hystere - 
sis loops permit one to determine, not only qualitatively, 
but also quantitatively, the effect of nonuniformity of 
core magnetization on its static characteristics, The 
process of magnetic polarity reversal of a core presents 
itself as the reversal of magnetic polarity of individual 
concentric layers of material lying one within the other, 
The reversal of magnetic polarity begins with the inner 
levels, when the induced field strength becomes greater 
than the quantity h_, The reversal of magnetic polarity 
ceases when the mé; nitude of the field strength reaches 
the value h,. 
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Fig. 4. 


For simplicity, we shall consider the material 
hysteresis loops shown on Figs, 3 and 4, for which the as- 
cending and descending arms of the hysteresis loops are 
expressed mathematically as follows: 

For the case of Fig. 3, 
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for the case of Fig. 4, 
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Fig. 5. Family of symmetric 
cycles of a hysteresis loop, 


6 +b; 
hax 1 


Fig. 6, Family of biased cycles 
of a hysteresis loop. 


For the consideration of the process of reversal of 
a material*’s magnetic polarity, we shall henceforth as- 
sume that the ascending and descending arms are sym- 
metric and have the same slope in the partial hysteresis 
loops as the arms of the limiting hysteresis loop, This 
assertion is borne out to a significant degree by the ex- 
perimental data provided in the literature, We shall 
therefore assume that the characteristic slope of the ma- 
terial, b = f(h), is constant for the ascending and descend- 
ing arms, and equal to 2bs/ (h,-h,) (for the case of Fig, 
3) independently of the form of the hysteresis loop by 
which the process of magnetic polarity reversal occurs, 
The quantity h, remains constant both for symmetric and 
for biased partial cycles of a hysteresis loop (Figs, 5 and 
6). This permits the ascending and descending arms of 
the family of symmetric cycles of a hysteresis loop (Fig. 
5) to be described by the following equations: 


ih de 2b, (n —-max* “e) 
“E-;, ~ o- } , 





(5) 
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(6) 


Here, h,,g, is the maximum value of the magnet- 
izing field strength, 

In reversing a material's magnetic polarity by bi- 
ased partial cycles of a hysteresis loop, when the initial 
working point is point A (Fig. 6), the ascending arm of 
the biased partial cycle of the hysteresis loop coincides 
with the ascending arm of the limiting hysteresis loop, 
but the following equation will actually hold for the de- 
scending arm 


b - ” (1 | hax t Mo | 
os : 


| h,— h,, 
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2b, , j 
oo Of 


where hinax = h,, , ~h. and h’ = h~h, is the value 
of the field strength if the working point is translated 
to A, (Fig. 6). 

In spite of the fact that all the layers of a core 
are of one and the same material, the core as a whole 
has its magnetic polarity reversed by a loop which dif- 
fers from the material's hysteresis loop, The explana- 
tion of this is that, for one and the same number of am- 
pere-turns, the inner layer of the core has a greater 
field strength than the outer, We shall therefore distin- 
guish henceforth between terms which relates to the ma- 
terial (limiting hysteresis loop, family of symmetric 
cycles of the hysteresis loop, etc.) and terms referring 
to the core (limiting magnetic polarity reversal loop, 
symmetric magnetic polarity reversal loop family, etc.). 

For determining the magnetic polarity reversal 
loop of an entire core, one uses the concept of the mean 
magnetic induction [1, 2], We define the magnitude of 
the mean magnetic induction of a core by the equation 


4 
paeF ay (8) 


where R, and Rj are the core’s outer and inner radius 
and & = Ro/ R; is the ratio of the radii, 

To find the relationship B = f(F), we substitute 
the transformed Eqs. (1)-(7) in Eq. (8). 


The Core*s Magnetic Characteristics 





Depending on the maximum number of magnetiz- 
ing ampere-turns F,,,,. the core will have different 
modes of magnetic polarity reversal, defining the form 
of the function B = f(F). 

We initially consider the operation of a core in 
the mode of its limiting magnetic polarity reversal loop, 
if the materials’s hysteresis loop has the form shown on 
Fig. 3, 


a) Magnetic Polarity Reversal by the 
Limiting Loop (Fmax = & Fs) 








Figure 7 shows the construction of the core’s lim- 
iting magnetic polarity reversal loop in terms of the co- 
ordinates B and F, We denote by the lines aa, and cc, 


82 





the ascending and descending arms of the hysteresis looy 
for the inner and outer layers of the material, respectiyg. 
ly. The values of F, and F; define the ampere -turns of 
the inner layer’s magnetic polarity reversal and satura- 
tion, respectively. The values of aF, and aF, serve 

similarly for the outer layer, In considering Fig. 7, one 
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3 
Fig. 7. 

may note that the values of the ampere-turns for the be- 
ginning and the end of the magnetic polarity reversal 
for different core layers do not coincide, For a given 
magnetic material and for different core geometries, 
one can consider three cases of core induction variation 
when the core has its magnetic polarity reversed along 
its limiting loop. 

For the determination of the function B = f(F), Le, 
the magnitude of the core’s magnetic induction as a 
function of the magnetizing ampere-turns, it is neces- 
sary to substitute, in Eq. (8), Eqs, (1) and (2), trans- 
formed to the form: 
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In the first case (Fig. 7), the core’s geometry is 
such that @Fp < Fs , i.e., the beginning of the material's 
magnetic polarity reversal along the outer perimeter 
occurs sooner that the saturation of the material along 
the inner perimeter. This case is optimal, since the 
function B = f(F), for such a core geometry, is linear on 
a significant portion, 

For this case, the following condition must hold 
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To determine the function B = f(F), we substitute 
Eqs. (9) and (10) in Eq. (8). For different values of F, 
the function B = f(F) has segments with different charac - 
ters of variation, 

First segment, For the values ~Frmax =< F 5 F,, 
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De on ie=Tr \ —bdR, B,=—b,. (13) 
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Second segment, For the values Fp S FS GFp, 
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m= a a| | ror? R 2 dR + 
Ro . 

+ \ —bdR 
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(here, R = RyF/ Fp is the radius dividing the core into 

two parts, in one of which the process of magnetic polar- 

ity reversal has already begun, while in the other it has 

not). 
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Third segment, For the values aFy = Fs Fs, 
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(15) 
Fourth segment, For the values F; < F< aFs, 
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(here, R = Ri F/ F, is the radius dividing the core into 
two parts, in one of which saturation has already oc- 
curred, while it has not in the other), 
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Fifth segment, For the values oF, = F = F,,4 
and for the reverse variation of F to value zero, 
ee 
Di ini eee \ bdR, B, = bs. 
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(17) 





For negative ampere-turns of magnetization, the 


function B = f(F) is determined analogously, 


By increasing the quantity o(a = Ro/ Ri), we ob- 


tain. a second case, when &Fp = F;. This case is charac~- 


terized by the absence of a linear portion of the function 
B = f(F) on the ascending and descending arms of the 
magnetic polarity reversal loop, 

A further increase in a leads to the third case, 
when oF, > F,. With this, the function B = f(F) has 
linear portions when the core has its magnetic polarity 
reversed in the narrow ring extending from the inner 
layers to the outer ones, In these last two cases, the 
limiting magnetic polarity reversal loops are determined 
by the same method as in the first case, For purposes of 
comparison, Fig, 8 shows the limiting magnetic polarity 
reversal loops for the first, second, and third cases of 
values of ‘a: 

h h h 
a = 0.75 + =—, a=—1.5~ 
hy ’ S hy »a=4 “ 


(curves I, II, Ill,respectively), 
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b. Magnetic Polarity Reversal by a 
Symmetric Loop (Fyax <* &F,) 








When the maximum value of the magnetizing am- 
pere-turns is inadequate for the magnetic polarity re - 
versal of all the layers of the core material by the lim- 
iting hysteresis loop, the core will have its magnetic 
polarity reversed by symmetric loops, In connection 
with the circumstance that the individual layers of core 
material will have their magnetic polarities reversed by 
different symmetric cycles of the hysteresis loop, the 
mean maximum variation of the induction of the entire 
core Bmax Will be less than bs, For the determination of 
the symmetric magnetic polarity reversal loops, it is 
necessary to determine, in addition to the ascending and 
descending arms of the magnetic polarity reversal loop, 
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the symmetric magnetic polarity reversal loops will dif- 
fer, not only in magnitude, but also by configuration, 
where this configuration will also depend on the core’s 
geometry. 

We consider only the first case, where Fp < Fs, 
With further increase in a, the picture does not change 
qualitatively. To determine the function B =f(F) for 
symmetric magnetic polarity reversal loops, it is nec- 
essary that Eqs, (5) and (6) be transformed to: 
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b= 7, | (2F + Fmax)@ + ¥p|- (9) 


As a function of the size of Fmax, the symmetric 
magnetic polarity reversal loops will have three forms. 


First Form of the Symmetric Magnetic 
Polarity Reversal Loops (Fp < Fmax = @F,) 


To determine B,,,, of the function. B = f(F) for 
this form of the magnetic polarity reversal loop, we sub- 
stitute Eq. (18) in Eq. (8), setting F = Finax im it, from 
whence 
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Here, R = RiFmax/ Fp 
After integration we Pobtain 
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By max= gi FF | Hinax (in Fe) + Fl 
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(20) 

Negative values of By max are defined in the same 
way. The ascending and descending arms of this form 
of magnetic polarity reversal loop are found by substitut- 
ing Eqs, (18) and (19) in Eq. (8). 

By knowing the ascending and descending arms, 
and also +By max» One can construct the entire mag- 
netic polarity reversal loop. 

First segment, For values of ~F,.,, = F =F 
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(21) 
Second segment, For values of iy = F = Fmax: 
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the value of Bmax. As a function of the value of Finays 
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After integration, we get 
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Third segment, For values of ~Fp Ss Fs Finay 


B, = 


















B; = By max (23) 
For negative values of F, the corresponding por- 
tions of the function B = f(F) are determined ana logout, 






Second Form of the Symmetric Magnetic 
Polarity Reversal Loops (@Fp = Fma x = F,) 















We first determine Byjax of the function B = f(F) 
for this form of the magnetic polarity reversal loop; 
Ro 
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Bs max= F,—F,, (= my Fnax — Fp ). (24) 
We now determine the ascending and descending 


arms of the function B = f(F) for this form of the mag- 
netic polarity reversal loop, 











First segment, For values of -Fmax = F= Ep 
B, = — Bemax 
Second segment, For valuesofFp= FS aFp, 
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Here, R= RF/F 
After integration, we get 
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Third segment, For values of OF, = F = Frmax 














(22) 


lax’ 
(23) 

por- 

gously, 


etic 
s F,) 


(24) 


nding 
nag- 


Fp» 


(25) 





“= wor 
R 
ay Ye | er — Wi _ lar 
P F,—F, max R Pp ’ 
i 
B, = 
1 b, 





((2F — Fag, ) ina — Fy (a — 1)). 
Pp 
(26) 


“a—iF,—F 


Fourth segment, For values of -Fp = F = Fray, 





B, = Bz max- 
For negative values of F, the descending arm is de- 
termined analogously, 


Third Form of the Symmetric Magnetic 
Polarity Reversal Loops (Fs s Fnay S GFs) 








We determined Bmax Of the function B = f(F) for 
this form of the magnetic polarity reversal loop: 
1 ‘ 
Bs max = Rr \ b,dR +- 
o i , 


Here, Ry = RiFrnax/ Fs 
Integration gives 
B — ’. x 
max" a—iF,—F, 
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x |F max (4-4-1 a ) — F,—F,(a— |. (27) 


We now determine the ascending and descending 
arms of the function B = f(F) for this form of magnetic 
polarity reversal loop. 

First segment, For the values Fray = F = Foe 
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Second segment, For values Fos Fs OF ps 
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Here, Ry = RiFmax/ Fp and R= RyF/ Fp. After in- 
tegration, we obtain 
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Third segment, For values of oF, sFsF,, 
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Here, Ry = RyFinay/ Fy 

Integration gives 
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Fourth segment, For values of Fy = F = Frmaxe 
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Here, R = RiF/ F, and Ry = RiFinay/ Fs 
After integration, we obtain 
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Fifth segment, For values of Frmax =F and 
“Fp =Fs F nax® 
Bs = Bs max- 


For negative values of F, the descending arm is 
found analogously. 

By giving various values of Fmax we can, by Eqs, 
(20), (24), and (27), compute the "basic magnetization 
curve,” Figure 9 gives the computed family of symmetric 
magnetic polarity reversal loops and the “basic magnetiza- 
tion curve.” 
c) Magnetic Polarity Reversal by a 
Biased Loop (F, = aF,) 














= Fmax ~ F- 


We now consider the mode of magnetic polarity 


reversal where, at the initial position, all of the core ma- 
terial is magnetized by saturation F. = aF, (Fig. 6 for 

h. = h,), In this mode, the magnetization proceeds by 

the ascending arm of the limiting magnetic polarity re- 
versal loop and returns to the original state by the descend- 
ing arm of a biased loop. We shall consider the charac- 
ter of the variation of the function B = f(F) only for the 
reverse magnetic polarity reversal (the return), For the 
detezmination of the function B = f(F), it is necessary to 
transform Eq. (7) to the form 
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b=— oa AT (F’— Fnax ) 7 (31) 


Here, F* = F-F. are the ampere-turns for magnetiza- 


tion (after compensation of the constant magnetizing am- 
pere-turns, the working point moves from A to A,); F 
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As in the case of symmetric magnetic polarity». 
versal loops, the biased loops, as a function of the valy 
of Finax» Will have various magnitudes and configurat 
We shall therefore distinguish the individual forms of j 
biased magnetic polarity reversal loops, 











First Form of the Biased Magnetic Polar 
Reversal Loops (Fp = Fi.,, s Q@F,) 














We substitute Eq, (31) in Eq, (8), The function}: 
= f(F) onthe descending armofa biased magnetic polariy 
reversal loop will have individual functional segment, 
determined by the magnitude of F*. 


First segment, For values of “Fy = F* = Fonax! 














By = Bmax: 
Second segment, For values of —F,< F* = —F'ny, 
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Fig. 9. Family of symmetric magnetic polarity reversal loops and the 
“basic magnetization curve” computed for the values a = 2, F,=0.2 





ampere-turns, F; = 0,8 ampere-turns, I is the first form of the magnet- 
ic polarity reversal loop; Iland III are the second and third forms, 
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Third segment, For values of -FI.,, = F's ~Fmax: 





B, = —b,. 


Second Form of the Biased Magnetic 





Polarity Reversal Loops (aFp = Frax = Fs) 





First segment, For values of “Fp = F* = Finaxe 





By = Brnax 


Second segment, For values of -Fp = F* = ~aF 
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Fourth segment, For values of -Fija, Ss F’ = ~Fu, 
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Here, R= R,F*/ F, and Ry = RFit g,/ Fy. 
Integration gives 
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Fourth segment, For values of -F; = F*< —Finays 
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Figure 10 shows the family of biased magnetic 
polarity reversal loops, 

By giving different values to F_ = aF,, we can 
compute the family of static characteristics B = f(F,F.) 
(Fig. 11). 

Taking into account the nonuniformity of core 
magnetization as it affects its static characteristics whey 
the material has a hysteresis loop of another form (for 
example, Figs. 1 and 3) can be done in an analogous 
fashion. Figure 12 shows the limiting magnetic polarity 
reversal loop of a core whose material has the hysteres 
loop shown in Fig, 3, 


Fifth segment, 
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CONCLUSIONS 


On the basis of what has been presented here, we 








aF 
+2K- (4-410 amie ) — (F. — F.) (a —1)}. may draw the following conclusions, 
-" Fax ss a) ( 1, When the material*s hysteresis loop has the 
37 form shown on Fig. 2 or on Fig. 3, the core’s magnetic 
(37) characteristic, B = f(F), can be obtained in analytic form, 
b 
+bs Frat ss 
D 
F,<fmax af, 
-aF, 














—_——_—— ee eee ee ee ee ee ee ee eee 
ed i 


ep 















Fig. 10, Family of biased magnetic polarity reversal loops computed for 
the values a = 2, Fy = 0,2 ampere-turns, F, = 0.8 ampere-turns, F_ = aF, » 
= 1,6 ampere -turns, 
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2, The form of a core’s magnetic characteristic 
depends on its geometric relationships, There exist three 
cases of geometric relationships for cores which entail 
discrepancies in the forms of the magnetic characteristics 
(Figs, 7 and 8), For oF, < F, (the first case), the mag-~- 
netic polarity reversal loop is characterized by linear seg- 
ments on the ascending and descending arms, In this 
case, the outer layers of the core begin to reverse their 
magnetic polarity until saturation of the inner layers, For 
OF, = F, (the second case), the magnetic polarity reversal 
loop is characterized by an absence of linear portions on 
the ascending and descending arms, In this case, at the 
moment when reversal of the outer layer’s magnetic po- 
larity begins, the inner layer is already saturated, For 
oF > F, (the third case), there is a broadening of the 
core’s magnetic polarity reversal loop, In this case, the 
core's inner layers have become saturated even before 
reversal of the outer layers’ magnetic polarity has begun. 
Linear portions of the ascending and descending arms of 
the magnetic polarity reversal looj»s are obtaincd due to 
the reversal of magnetic polarity of the material in a nar- 
tow toroidal sector, beginning at the moment when the 





inner layers saturate and continuing until the beginning 
of the reversal of the outer layers* magnetic polarity, 

3, The form of the core’s magnetic characteristic 
is also determined by the magnitude of the maximum 
ampere -turns for magnetization. When the magnitude of 
the magnetization ampere-turns is inadequate for com- 
plete magnetic polarity reversal of the entire core, the 
core’s magnetic polarity is reversed by partial loops, In 
the modes of core magnetic polarity reversal by sym- 
metric and biased partial loops, there are, as a function of 
the maximum magnetizing ampere-turns, three forms of 
loops, differing by their configurations and their dimen- 
sions (Figs. 9 and 10), The first loop form, when Fp < 
< Fmax = Fp, is characterized by the fact that AB“ 2b,, 
and also by the nonlinearity of the function B = f(F) on 
the ascending and descending arms of the magnetic po- 
larity reversal loop, In this case, only the inner layers 
have their magnetic polarity reversed, The second loop 
form, when Fp < Fyjax F, is characterized by the pres- 
ence of a linear segment on the ascending and the descend- 
ing arms of the magnetic polarity reversal loop, and by 
a largerratioof AB/ 2bs than in the first case, In this 
case, the magnitude of the magnetizing ampere-turns is 
sufficient to reverse the magnetic polarity of the entire 
core, but inadequate for the saturation even of the inner 
layers, The third loop form, when F, < Fryax = &Fs, is 
characterized by the fact that all the core*s layers have 
their magnetic polarity reversed, but not all are saturated, 
With this, the partial loops approximate to the form of the 
limiting core magnetic polarity reversal loop, All three 
magnetic polarity reversal loop forms have the same law 
of variation of the nonlinear segments on the ascending 
and descending arms, 

4. The analytical methods presented can be con- 
veniently employed also for other forms of material 
hysteresis loops, As an example, Fig, 12 shows the con- 
struction of a core's limiting magnetic polarity reversal 
loop for the material hysteresis loop shown on Fig. 3. 

The taking into account of the effect of nonuni- 
formity of core magnetization on its static characteristics 
for more complicated forms of the material's hysteresis 
loop, and also the experimental! part of the work using 
ramified cores, will be considered in the second part of 
the present work, 
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The circuit is presented for a dc potentiometer lacking a normal element and a contact system. The 
potentiometer indications are virtually independent of supply voltage oscillations and depend only very slight- 
ly on the ambient temperature, Two identical Hall emf transducersare usedasa transformer and as a source 


of compensating emf. 


Automatic de potentiometers are widely used today, 
In such potentiometers, the dc voltage Uj,. to be meas- 
ured is compensated by a battery voltage, controlled by 
a normal element, until the difference becomes sufficient - 
ly small, Ordinarily, this difference is transformed to ac 
by a vibrapack, amplified, and then applied to a motor 
which moves the compensator’s slide wire, The disad- 
vantages of such circuits are the presence of the contact 
transformer, the slide wire with sliding contacts and the 
normal element, If a transformer based on the Hall effect 
{1} is used, then one contact element will be replaced by 
a contactless one, However, nothing is thereby changed 
in the remainder of the circuit, since the contact slide 
wire and the normal element remain, By using a Hall- 
effect transformer, it is nonetheless possible to construct 
a completely contactless potentiometer, in which there 
is no longer a necessity for a normal element, if one uses, 
for the compensation of the Hall emf, an identical trans- 
ducer which is placed in a constant magnetic field and 
supplied by the line voltage, 

The superiority of such a potentiometer over the 
ordinary ones consistsinits greater mechanical stability, 
its greater reliability, simplicity, and length of service - 
able life. 

The circuit of this potentiometer is shown on the 
accompanying figure. The input dc signal Ujn= is im- 
mediately transformed toan ac signal Ux~ by the trans- 
former based on the Hall effect, with transmission factor 
Ky With this, 


ad = KU, -_e 


If one takes into account that K, depends both on 
the temperature,t® , and on the supply (line) volt- 
age Ug, then one may write 


Ux. = Ky (0°, U,) Uj, = = AA) IU), a 
To compensate this alternating emf, one uses the 
voltage U,, obtained from an identical transducer, but 
one immersed in a constant magnetic field and supplied 
from the line, The RC network is used to shift the phase 
of U, by 90°. With this, one may also write 
U = Ki (0)U, = Bf) / U,) A, 





CONTACTLESS DC AUTOMATIC POTENTIOMETER WITH A 
TRANSFORMER BASED ON THE HALL EFFECT 


where K, is the transmission factor of this transducer and 
H is the constant magnetic field in which it is placed, 

Compensation at ac, with the correct choice of 
phase of Ug, can be implemented without contacts by 
means, for example, of a rotating transformer Tr, in whid 
the angle of rotation, a, is proportional to the magnité 
of Ug. In the case when U,~ = Ug, angle a is propor- 
tional to the input de signal Ujp=, and will not depend 
either on the variations of voltage U,; or on variations of 
the temperature. Indeed, 
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In the case of equality of the temperature depend: 
encies, f,(t°) and f,(t°), the ratio just given depends only 
on Ujp= and, consequently, the transformer's angle of 
rotation a also depends only on Ujn=. For transducersctt 
from one rod of germanium, f,(t°) can differ from f,{t’) 
by one to two percent which, in the temperature range 
of 70° and for a dependency f(t°) equal to 0,4%, gives al 
errorat 1°C[2]forany angle « of rotation of 0.3 to 0.6% 
This means that one can, with such a potentiometer, 
register a measured signal with a temperature error of 
0.6% independently of the magnitude of the signal itsell 
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NOTE ON THE PROPERTIES OF A SIMPLE EXTRAPOLATOR 


WITH A "SWITCH" 
L. Prouza 


(Pardubitse, Czechoslovakia) 


(Translated from: Avtomatika i Telemekhanika, Vol. 21, No. 1, pp. 137-138, January, 1960) 


Original article submitted March 23, 1959 


A theorem is proven which relates the properties of a simple extrapolator with a “switch® with lag present 


with the properties of an extrapolator without lag. 


In [1] there was considered the stability of a sim- 
ple extrapolator with a “switch.” The transfer function 
of the continuous linear portion of such an extrapolator 
has the form: 


— 1a (& £) 
¥ (gq) =e" "(+35 (1) 
and depends on the lag time T. We shall now prove a 


theorem, of which theorem 1 of [1] is a particular case, 
and shall then consider several applications of it, 


General Theorem. 





Let there be an extrapolator with a “switch” for 
which the transfer function of the continuous linear por- 
tion, with suitable normalization [1], is defined by for- 
mula (1), We introduce the generalized impulse trans- 
fer function of the open-loop system 

co 
Y* (e%,e) = p> y(n+e)e—™?, (2) 
n=0 
where y(t) = L™'¥(q), y(0) = 0,0 < € $12, 3}. 

Let T vary in the interval (0,1), One easily con- 

vinces oneself that, for € < T 


y"* (e%, e) = ¥ (e%, e) = 


— [(a — ft) + B (1+ €)] e* — (a — Bt) — Be 3 
(e4 — 1)? (3) 





and, for € > T 


Y" (e%, e) = Y3 (e%, e)=Y} (e%e)+ (a — Br) + Be. (4) 


From (3) and (4) we obtain the ordinary impulse 
transfer function 


Y* (e%) = Yj (e4, 0) = e—*Y5 (e%, 1) = 





_ — ee .. a 





Here, we have used the notation el= z, 

Theorem 1 (auxiliary), Let two extrapolators be 
given, the first with parameters a, 8,,andT, aud the 
second with parameters 





Gga=G,;—6it1, Bo= By, tT = 0. 


(6) 


Then Y*(z) is identical for the two of them, 

The proof follows immediately from the form of 
expression. (5), 

Theorem 2, All properties which depend only on 
transfer function (5) are identical for extrapolators whose 
parameters are related by relationships (6), 

Theorem 2 is an obvious corollary of theorem 1, 


Applications 





It is clear that theorem 1 of [1] on the deformations 
of the region of stability is only a particular case of 
theorem 2, 

In [4], one defined the error of tracking a “circular 
maneuver™ for an extrapolator with Tt = 0 as a quantity 
proportional to the expression 


lr | m 


(cf. [4], formula (30)], Whence, by theorem 2, it is 
clear that, for an extrapolator with rT > 0, it suffices to 
write a— 8T instead of a in formulas (31), (32), and 
(33) in [4] in order to obtain the expression for the error 
for T > 0, 

Further, in [4] there was defined a coefficient of 
error damping for the extrapolation of a unit velocity 
jump for tT = 0, starting from the formula 

 y (z) 
1+Y*(2) (8) 
(cf. formula (8) in [4]), where X*(z) = z/ (z-1)*, It fol- 
lows from (8) and theorem 2 that the curves of constant 
damping coefficient (cf, [4], Fig. 4) for tT = 0 are de- 
formed as T varies in the interval (0, 1) in accordance 
with relationships (6). 

Further, let the noise coefficient of the extrapolator 
be defined by the formula (cf., for example, formula 
(53) in [5)) 


E* (z) = 


i y*(e*) -* 
oF = > \ ze, di. (9) 
—n 
It is clear that expression (9) is identical for param- 
eters related by relationships (6), By computing (9) (for 
example, by the method described in [6] or by formula 
(56) in [5]), we obtain, in the general case 
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2 (a — Bt)? + B [(a — Br) + 2} 





o? = 
(a — Bt) [4—2(a — Bt) —B]* (10) 


If we denote a- 6r = A, then the minimum of 
o* for given 6 and T is attained for 


A=Vi-—. (11) 


Formula (11), fort = 0, is given in [7], It is clear 
from (10) that o? tends to infinity on two sides of the tri- 
angle of stability, On the third side, corresponding to 
B = 0, 9” is defined by the formula 


A 
o? = rT (12) 


Formula (12) can be derived from formula (86) in 
[5] where the case of an extrapolator with one integrator 
is considered in detail, 


CONCLUSION 


By means of relationships (6), one can, as a func- 
tion of r, transform not only the region of stability 
(theorem 1 in [1]), but other characteristics of the extra~- 
polator system with “switch” considered here as well. 


LITERATURE CITED 


fl) L, Prouza, "On the stability of cne extrapolat- 
ing device,” Avtomat, 1 Telemekh, 20, 4 (1959),* 





[2] V. P. Perov, “Synthesis of sampled-data cir. 
cuits and systems with sampled-data feedback,” Avtoms, 
i Telemekh, 18, 12 (1957).* 

[3] Ya. Z, Tsypkin, Transient and Steady-State 
Processes in Sampled-Data Circuits [in Russian] (Gos- 
Energoizdat, 1951), 

[4] J. Sklansky, “Optimizing the dynamic param- 
eters of a track-while~scan system,” RCA Rev, No, 2 
(June, 1957). 

[5] Ya. Z. Tsypkin, "Designing discontinuous co. 
trol systems for stationary random stimuli,” Avtomat, { 
Telemekh, 14, 4 (1953), 

[6] G. W. Johnson, "Statistical analysis of sample¢: 
data systems," Convent, Rec, IRE Wescon, pt. 4 (1957), 

[7] A. H, Benner and R, Drenick, "An adaptive 
servo system,” Convent, Rec, IRE , pt. 4 (1955), 


* See English translation, 








a cir- 
.Vtomat, 


State 
30S~ 


param: 


», 2 


US Con: 
mat, { 


sample¢: 
1957), 
tive 











ELECTRETS AND THE PROSPECTS OF THEIR USE IN AUTOMATION 
(Survey) 
V. A. Andryushchenko 


(Leningrad) 


(Translated from; Avtomatika i Telemekhanika, Vol. 21, No. 1, pp. 139-142, January, 1960) 


Original article submitted April 7, 1959 


The paper considers the present state of the question of electrets, which are the electrical analogs of 
magnets, and provides certain practical directions of their use as elements of automatic devices, 


The creation of cheaper, more economical, rela- 
tively simple in design, and convenient to use automatic 
systems requires the use of new materials which possess 
new physical properties, Such a material is the *electret,” 
which is little known in practice, 

An electret is the electrical analog of a magnet. 
This is a dielectric possessing "constant® electrification 
with opposite charges at the ends, 

The first specimens of electrets studied were mix- 
tures of wax and gum whose congealing had occurred in a 
strong constant electrical field. The disk-shaped elec- 
trets thus prepared possess negative charges on the side 





turned to the anode and a positive charge on the opposite 
side, If an electret is bifurcated along a neutral line, 
then two electrets are obtained, Removal of an upper 
layer of an electret by scraping or shearing does not dis- 
turb the electret’s properties, 

Until today, essentially organic materials have 
been used for obtaining electrets; wax, gum, hydrocar- 
bons, solid acids, alcohol, etc, 

Inorganic materials (glass, porcelain, ceramics, 
etc.) have been little studied from the point of view of 
obtaining electrets from them, and the information thus 
far obtained about them has been contradictory. 








TABLE 
Bismuth | emer oy 
Material} Meio, ZnTio | BaO-45TIOs| titanate CaTiO, SrTiO, acai BaTiO, 
: iG ee J8 80 150 475 750 1200 



































Electrets of inorganic materials have a higher 
tigidity and thermal stability than electets prepared of 
organic materials, and can have very diverse dielectric 
permeabilities (cf, the appended table), 

For the preparation of electrets from organic ma- 
terials there is no particular sense in increasing the tem- 
perature of the dielectric very much above the melting 
point, However, it is very important that the mass be 
completely converted to the liquid state before being 
placed in the electric field, 

For the preparation of electrets, one ordinarily 
uses, as the electrodes for the electrization process, tin 
foil which is easily removed from the surface of the con- 
gealed specimens, It turned out that, with a congealed 
mixture of wax and gum, sufficiently good electrets 
could be obtained even in the absence of an external 
polarizing field. In this case, the size of the charge on 
the poles was 60 to 70% of the charge appearing on elec- 
tets obtained from placement in a polarizing field, 

The electrets’ properties depend, to a certain ex- 
tent, on the magnitude of the electric field strength, 

Once the field strength has reached a magnitude 
of 10 to 12 kw/ cm, further increase of it does not in- 





duce any increase in the charge, This is explained by 
the circumstance that the electrical field on the electret 
surfaces reaches the maximum size which can exist 

in air for these gradients, i.e,, about 5 CGSE/ cm, Fur- 
ther increase of the field strength leads to ionization of 
the air molecules, and discharge commences, There is 
a corresponding limiting value to the possible density 

of the charge on the electret’s surfaces, For normal at- 
mospheric pressure, temperature, and humidity, the charge 
density cannot exceed 3 - 1075 coul/m*, with increas- 
ing pressure the charge density also increases and, in re- 
gions of low pressure, the charge density is proportional 
to the pressure, 

Electrets prepared from organic materials are de- 
composed by fusion, The quantity of electricity ob- 
tained by measuring the current flowing through the ex- 
ternal circuit during the time of fusion does not depend 
on the time elapsed between polarization and fusion, It 
is almost directly proportional to the strength of the po- 
larizing electrical field, The experimentally obtained 
maximum current with fusion attained a magnitude of 
about 10 * amp/cm?, When all of the specimen of the 
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electret had passed into the liquid state, the current 
ceased, 

For storage, electrets of organic material are 
sealed, In a humid atmosphere the electret’s charge 
drops sharply, but is reestablished on drying. 

In the P, N. Lebedev Institute of Physics of the 
Academy of Sciences, USSR, the following mode of po- 
larization was used for obtained electrets from inorganic 
material; The specimen was placed in an electrical field 
of 20 kw/ cm strength, maintained at room temperature 
for 30 minutes, and then the temperature was raised to 
200°C during 2 hours, after which the specimen was kept 
at this temperature for another 2 hours, and then the tem- 
perature was lowered to 60 to 80°C, The surfaces of the 
specimens and the electrodes (brass disks were used for 
the latter) were carefully polished, 

The dimensions and the configurations of the speci- 
mens can be diverse, The magnitude of the field strength 
and the seasoning temperature for polarization are lim- 
ited by the material's stability with respect to thermal 
disruption. Electrets of inorganic material can be stored 
either with or without sealing. The chargesof electrets 
of organic and inorganic materials are retained for peri - 
ods of years. The basic disadvantage of electrets today 
is the instability of their charge, 

We turn now to photoelectrets, which were dis- 
covered in 1937 by the Bulgarian academician G, Nad- 
janoff, 

As specimens, sulfur flakes (monocrystalloid or 
polycrystalloid) were used, these being polished to mir- 
ror smoothness by silk moistened with kerosene. A con- 
stant voltage of 470 v/ cm was applied to a specimen, 
and the specimen, after three minutes of remaining in 
darkness, was exposed to a light of 6000 lux during 12 
minutes, after which it was sealed and stored in darkness, 
The measurement of a photoelectret’s charge was car- 
ried out by means of its depolarization with repeated 
{llumination, A photoelectret can retain its charge for 
several days, 

Illumination of a photoelectret at low temperatures 
(-80 to -100°C) leads only to its partial discharge, and 
complete depolarization occurs only as the result of in- 
creasing the specimen’s temperature to the temperature 
at which its polarization occurred, Heating of a photo- 
electret without simultaneous illumination does not give 
rise to a discharge of current large enough to be meas- 
ured, although the total charge on the photoelectret is 
somewhat decreased, The state of the polarized speci- 
men just described may be called thermophotoelectret. 

We now consider instruments (based on electrets) 
which are elements of automatic systems, or which ex- 
ecute functions of an automatic device, 

Figure 1 shows a telephone circuit, If one speaks 
into microphone A, the sound waves start membrane 1 
oscillating, The distance between it and electret 2 will 
change. As the membrane approaches the electret, the 
charge induced on it will increase and, as the membrane 
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moves further away, the charge will decrease, These 
variations of charge induce currents in the telephone gj. 
cuit which lead to acoustical vibrations of membrane § 
and receiver B. On Fig. 1, 3 is the immovable micro- 
phone electrode and 4 is the receiver coil, 

One can create ac and dc generators using elec- 
trets, A dc generator is shown on Fig, 2 a. During an 
oscillatory swing of the upper electrode, when the elec- 
trodes are close key K, will make, i.e., seal the elec- 
trodes and key Kg will break, The charge induced on 
the electrode by the short circuit will, as the latter 
moves away, be applied to the plates of condenser C; 
with this, key Kg closes and key K, opens, By repeating 
this operation many times, one can charge the conden- 
ser up to a potential whose value will be limited only 
by the breakdown voltage of dielectric e between the 


condenser plates, In practice, the condenser was charged 
up to 5 kv. 
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An ac generator (Fig. 2 b) is obtained by connect’ 
ing resistor R in the electrical circuit, With oscillatory 
motion of the electrodes at a frequency of f = 100 cps 
an ac current of 10~° amp passes through load R; the ef- 
fective power or. the load in this case equals P = 10% w 
10% Ww. 
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An electrostatic relay based on the use of electrets, 
and shown schematically in Fig. 3, operates in the fol- 
lowing way: As some constant voltage is applied to term~ 
inals 3 and 4, the upper electrode A is attracted to elec- 
tret e attached to immovable electrode B, This causes 
contacts K to open, Thus, the relay will close or open 
(depending on the design) a second circuit connected to 
terminals 1 and 2, 

If an electret is suspended on a thread between two 
metallic electrodes (Fig. 4) on which a charge has been 
placed, then the electrostatic fields of electrodes 1 and 
2 and electret e will interact, turning the electret at a 
definite angle which is proportional to the charge on the 
electrodes, A small mirror 3 is fastened to the electret, 
by means of which mirror readings are made, The 
instrument, consequently, is a type of mirror galvanom- 
eter, in which an electret replaces a moving coil, 

In a string voltmeter (Fig, 5) charged to the poten- 
tial to be measured, wire W is placed between two elec- 
trets e which move against each other and have opposite 
charges, Since electrets change the magnitude of their 
charge in a radioactive field, after whose removal the 
charge is again reestablished, then one may judge the de- 
gree of radioactivity of a given field as a function of the 
electret's decrease in charge, 

Photoelectrets can be used for danger signaling 
(Fig. 6). When photoelectret 1 is depolarized, current 
flows to device 2 which lights signal lamp 3, 

Electrets can be used in electronic tubes for apply- 
ing grid bias, and also in cathode~-ray tubes for controlling 
the electron beam, and also in other instruments where 
only an electrostatic field is required, 

Recently, there has been talk of using electrets in 
the memory devices of electronic computers, 

The theoretical possibility of using electrets is 
based on the fact that the charges placed on the dielec- 
tric’s surfaces do not spill over but, as it were, “stick,* 
With this, if an electron falls on an electret's positive 
pole, it compensates the electret’s charge in the given 
place, 

If one could succeed in making an electret in the 
form of a fine long tape, on one side of which positive 
charges were placed, with negative charges on the other 
side, then one could *write,” on such an electret tape, a 
series of definite pulses, using an electron beam, Such 
a tape, moved past another electron beam, could deflect 


it in correspondence with the variations in intensity oi 
the first beam. 


SUMMARY 


The use of electrets in automatic devices allows: 

1) the creation of new elements for automatic de- 
vices based on the physical properties of electrets; 

2) simple design implementation of block sche- 
matics of automatic devices; 

8) simplification of electric power suplies for auto- 
matic devices; 

4) decreasing the weight and size of automatic 
devices, 
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OF CERTAIN CONTROLLED SYSTEMS," [1) 


In [1], the following theorem was actually 
proven (below, we retain the symbology and the formu- 
la numeration used in [1]). 

If, for system (2), satisfying limitations "a*-"e", 
one can cite a positive definite function r= V(Xye e+e 
X,) not depending on hy, (k= n-m+1,..., Mm), whose 
total derivative with respect to time is, by virtue of (2), 
negative definite for any hy, € (0, +o), then system (1), 
satisfying conditions "a*-"e", is absolutely stable, 

In fact, in case r* depends on hy, inequality (5) 
holds, in general, only for sufficiently small hy (k = 
=n-m+1,..., 1), and inequality (6) holds only for suf- 
ficiently large hs and sufficiently small hp, Therefore, 
there might not exist a system of values of hy, for which 
both inequalities (5) and (6) would be valid simultaneous- 
ly. In exactly the same manner, it is impossible to as- 
sert anything as tothe simultaneous holding of inequalities 
(7) or (9). 

In the case of a linear system (2), the Routh- 
Hurwitz conditions do not guarantee the presence of a 
Lyapunov function, mentioned in the conditions of the 
theorem proven in [1]. We consider, for example, the 
equation 


d*z d d 
a3 a + a, — + a2 = —9(0), 6 = bs + bir (I) 
(¥ (0) is a class A function), 
Following [1], we replace (I) by the equation 


d*z d: 
“3 7A + a, + ayr = —h(by- + biz), h € (0,+ 00), 


from which we go to the system 
x = 22, 
Bp oe a ot Bh 
a3 a3 


re (11) 


According to the Routh-Hurwitz conditions, the 
trivial solution of system (I) is asymptotically stable, at 
least for 


a1, 42, @3, by > 0, ba > 0. (III) 


We now show that, among the systems (II) satisfy- 
ing (III), there are such for which it is impossible to con- 


2 
struct a positive definite function V (z,, 22) = >) Orr, 
ij=1 
with coefficients Ob, which do not depend on h, whose 
complete derivative with respect to time, dV/ dt, by 
virtue of this system would be negative definite for all 
h € (0,+ 00). 
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LETTERS TO THE EDITOR 


A NOTE TO A PAPER OF YU. S. SOBOLEV, “ON THE ABSOLUTE STABILITY 


(Translated from: Avtomatika i Telemekhanika, Vol. 21, No. 1, pp. 143-144, January, 1960)) 
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and the necessary and sufficient conditions that dV/ dt 
be negative definite have the form: 






hb 
ayy “AF? ayy > 0, (IV) 









a hb aq + hb 
12 we * (a Gs * — ay) — 








— F(a az + hbg 


4 ag 


a; + hb, 
4 
a3 


2 
+a —an) >0 





h € (0, +00). (V) 

For the holding of (IV) itis necessary (h— 0) that 
Cigeag /Ag—Qy, =0 and, for (V) (h > + oo), that —(aryyb9- 
—Qggb,) = 0, such that for systems (II)-(III), in which bgay~ 
—by,a3 < 0,(IV)-(V) may nothold for any / € (0, +00). 

Thus, the theorem of Yu, S, Sobolev [1] is inade- 
quate for solving the problem posed in [2] of comparing 
theories of absolute stability, 









Yu, 1, Alitov, 
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Dear Editor 















We became acquainted with the paper of Yu, S. 
Sobolev, "On the absolute stability of certain controlled 
systems,” published in number 4 of your journal for 1958, 
This paper gave rise to a number of remarks, which we 
provide forthwith, 

In the first part of the paper [formulas (1)-(9)], 
Yu. S, Sobolev proves the following assertion: If there 









V/ dt 








exists a positive definite function r(x1, X9ne seo Xpe 
not depending on the numbers Dye whose derivative, by 
virtue of system (2) is negative definite for all 0 < hy < 
< ow, then the derivative of ‘, by virtue of system (1), 
is also negative definite, This assertion is obvious, and 
gives rise to no objections, Further (cf, the fine print, 
formulas (10)-(12)), the generally known properties of 
linear systems with constant coefficients are adduced, 
after which (cf. the normal print up to section 2) the in- 
comprehensible assertion is made; ™ the existence of a 
function r* whose total derivative, by virtue of system 
(1), is negative definite, is guaranteed by the Routh- 
Hurwitz conditions," It is not clear what is meant by 
the Routh-Hurwitz conditions in the general case for 
systems (1) and (2), 


In examples 1 and 2, Yu. S, Sobolev writes that, 
"according to what was proven above, the region of ab- 
solute stability (13) coincides with the region of asymp- 
totic stability. . . of system .. . (14), where h€(0, 4-00) .” 
It is possible to deduce from this that Yu,S, Sobolev be- 
lieves, in particular, that the following assertion has been 





proven: The region of absolute stability of a system de- 
scribed by the set of equations 


n 
p= >) Onghy + Myf (2), 
a=1 


‘ (A) 
o=: >! i,%,» of(s)>0, 


where byq, js, and ny are constants, coincides with the 
region of asymptotic stability of system(A) in which one 
sets f((0) = ho for allh > 0, 

As is well known, this assertion is untrue (cf,, for 
example, the book of V.A. Pliss, Some Problems of Sta- 
bility of Motion as a Whole), The author's error consists 
in the following, It is tacitly assumed that system (A), 
in which f(9) = ho, always has a Lyapunov function 
which does not depend onh, 

In connection with this, it is impossible to con- 
sider as proven this assertion in section 2 of Yu. S. 
Sobolev’s paper. 

E. N, Rozenvasser and V, A, Pliss 





CHRONICLE 





SEMINAR ON THE ENGINEERING APPLICATIONS OF MATHEMATICAL LOGIC (1958-1959)* 


(Translated from: Avtomatika i Telemekhanika, Vol. 21, No, 1, pp. 145-148, January, 1960) 


In the fall semester of 1958 and the spring semester 
of 1959, the seminar on the engineering applications of 
mathematical logic continued its work under the direc- 
tion of Lecturer V. I, Shestakov. Taking part in the sem- 
inar were scientific workers, teachers, and engineers ofa 
number of research institutes and universities, including 
the Institute of Automation and Remote Control, the 
Laboratory for Information Transmission Systems, the 
Department of Applied Mathematics of the Academy of 
Sciences, USSR, and the Moscow State University, There 
were 13 sessions of the seminar in all, in which 11 papers 
were presented and discussed; of these, 10 contained orig- 
inal results and one was a tutorial paper. 

Part of the papers touched on general questions of 
mathematical logic, arising, to be sure, from the require - 
ments of the engineering applications of mathematical 
logic but having, perhaps, an independent theoretical 
value, Such were the papers of A, D. Talantsev, G. N. 
Povarov, and the tutorial paper of V. P. Goncharov, 

A. D. Talantsev read two papers, In the first of 
them, “On the use of several logical operators for the 
analysis and synthesis of schemes containing differentiat - 
ing circuits,” presented Oct. 2, 1958, A. D. Talantsev 
dealt with the questions of the analysis and synthesis of 
potential-pulse circuits in which differentiating circuits 
entered, He proposed an essentially new algebraic -log- 
ical method for investigating such circuits, The basis of 
the method is the definition of special operators, the ap- 
plication of which to the "and® and "or" functions allow - 
ed one to derive relationships forming interesting analogies 
with the formulas of mathematical analysis, 

It was shown in the paper how the relationships 
derived could be used for the simplification of circuits 
containing differentiating circuits, The concept of “co- 
variance® of logical functions was introduced, this con- 
cept being related to the substantive meaning of the oper- 
ators introduced; this concept can sometimes be used for 
transforming circuits, The exposition of the new concepts 
was illustrated by the example of a logical circuit for 
recognizing the direction of motion of a quantized scale 
for a digital control system for a milling machine. 

The second paper of A, D, Talantsev, “On the ana - 
lysis and synthesis of certain electrical circuits by means 
of special logical operators was given on Jan, 16, 1959. 
In this paper there was developed (with account being 
taken of remarks made by M. L. Tsetlin and V, L Shes- 
takov) a new method of investigating electrical circuits 
which was first presented by A, D. Talantsev on Oct. 2, 
1958, Specifically, there was derived an expansion for- 
mula for dF(x;, X_,...- > x) where F is an arbitrary 


Boolean function of n variables, The relationship ob- 
tained for dF lies beyond the boundaries of Boolean alg. j 
bra, Further, there were defined the concepts of potenty 
and of pulse logical variables, the concept of a homo- 
geneous potential-pulse circuit, and the potential -pulse 
form describing such a circuit, The problem was posed 
of “integrating® potential-pulse forms, and a general 
method of *integrating® these forms was given. In con 
clusion, the example was considered of "integrating* the 
forms describing a circuit which recognizes the direction 
of motion of a quantized scale, 

The work of A. D, Talantsev was published in the 
journal Avtomatika i Telemekhanika 20, 7 (1959),** 

G. N. Povarov gave three papers at the seminar, 
On Oct, 31, 1958, in the paper "On group invariance of 
Boolean functions,” G, N. Povarov considered the group 
Zn transforming monotypic Boolean functions to other 
such functions, The concept was introduced of the invar 
ance of Boolean functions with respect to subgroups of 
group ,, as well as the concept of regions of invarian: 
of Boolean functions with respect to subgroups of group], 

G. N. Povarov showed that the regions of invariance 
comprise a Boolean algebra, and form a structure dually 
homomorphic to the structure of the subgroups of group 
L,3 to the conjugate subgroups correspond monotypic 
regions of invariance, Results were given of an investi 
gation of a type of region of invariance 1) (©,) withte 
spect to the group ©, ( I,, of permutations of argu- 
ments of Boolean functions, Also investigated were the 
types of regions of invariance contained in 1) (G,). Tk 
study of regions of invariance is important for the theory 
of switching circuits, since it enables one better to undry 
stand the types of regularity characteristic of simple clr 
cuits, A brief exposition of the work was then published 
in Russian in the *Annalele Stuntifice ale Universitatu 
Al, I, Cuza® din Iasi” (Rumanian People's Republic) 4, 
1, 39-44 (Sept. 1, 1958), 

In the next paper, to which two seminar sessions 
were devoted (Feb, 27 and Mar, 6, 1959), *An abstract 
algebraic theory of cumulative nets,"*** G. N, Povalt! 
presented a mathematical theory developed by him, of 
indirect interactions in control, communications, andpl 


* The proceédings of the seminar prior to October, 1954, 
were presented Avtomat, i Telemekh, 18, 10 (1957) atl 
20, 1 (1959) [See English translation of 1959 issue]. 

** See English translation. 

*** In the invitations to this session of the seminar, tb 
paper of G, N, Povarov had the name, "On one matiei® 
ical method of investigating operations.” 
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ning nets of a very wide class, including various switch- 
ing circuits, radio communications nets and wire networks, 
transportation networks, target networks, etc, 

The central concept of the theory is the general 
combinatorial concept of a cumulative net, which is why 
G, N. Povarov calls this the theory of cumulative nets, 
The idea of a cumulative net is analogous to the idea of 
a normalized graph, but more complicated. It character- 
izes a definite type of indirect interaction, and the inter- 
actions characteristic of the enumerated control, com- 
munications, and planning nets, The generality of the 
treatment is provided by the use of the theory of numer- 
oids [the concept of numeroids was introduced by G,. N. 
Povarov in a paper printed in the journal Uspekhi Mat- 
ematicheskikh Nauk, 11, 5(71), 195-202,1956}. 

A cumulative net on the numeroid N is defined as 
a system {M, ll aj; ll, {P,+ }, consisting of a set M = 
i s Seer ph pa ee l| agjl| on N and the se- 


quence of setsP,c 4'M", wheren=1,2,... ,Py= 


r==3 


= M’,and PS P,,, for alln, The matrix \| aij | is 
called the primitive connectivity of the net, and the 
matrix || aj;|] , where 


(n) 
ay, = > a5,% le? 4; AL 
hijigs «-tp_ygl EPn 


is called the nth-degree connectivity of the net, and the 
sequence { || ay } =] af) I » il af »e.. is the 
evolution of the net’s connectivity, The analysis of a 
cumulative net consists in finding {|| af |} from || ail 


for known M and { Pt . The interpretation of these 
quantities is that || ayy || is the measure of the imme- 


n 
diate interaction between elements of M, || af; ) || is the 
measure of indirect interaction via not more than n-2 
(n) 
intermediate elements,and { || aj il } is the successive 


development of indirect interaction, {p,} ("the develop- 
ment of the net") defines the method of combining im- 
mediate interactions into indirect ones, 

G. N, Povarov also spoke of the matrix methods he 
had developed for the analysis of various cumulative nets; 
he investigated such properties of cumulative nets as 
equivalence, stability, the presence of feedback, etc, 

G. N. Povarov showed that the theory of cumulative nets 
allows one to reduce to one framework the results of 

Many authors working on the questions of the analysis of 
control, communications,and planning nets and analogous 
problems, in particular, the results obtained in these do- 
mains by B, I, Aranovich, A, G, Lunts, O, Plekhl, A. 
Shimbel, Z. Prikhar, G, Frobenius, and others, and also 
Previous results of G, N. Povarov himself relative to the 
theory of switching circuits and communications networks. 





The third paper of G, N, Povarov, “Phenomenolog- 
ical and juridical aspects of logic in connection with the 
logical problems of engineering,” given on May 15, 1959, 
contained opinions on the convenience and naturalness 
of the interpretation of logical algebra in switching theo- 
ry and in other branches of engineering as an algebra of 
events, and not as an algebra of judgments (propositions), 

On May 29, 1959, V. P. Goncharov presented the 
contents of a paper by Zemanek, * Solving the equations 
of switching algebra? printed in the journal Archiv der 
Elektrischen Ubertragung 12, 1,35-44 (Stuttgart, 1958), 
The paper considered methods of finding inverse Boolean 
functions and solving the equations of Boolean algebra. 
Zemanek denotes a Boolean function by Yas where z is 
the decimal ordinal number of the function, correspond - 
ing to the binary representation of the constituent units 
entering into the given function, and n is the number of 
Boolean variables, 

For the finding of inverse Boolean functions, a new 
notation was introduced in the paper; Pand!. P can 
assume either the value 0 or the value 1, i.e., it corre- 
sponds to an “indifferent” state, but P always takes the 
value opposite to that of P; rules of action are defined 
for P. : means that it is impossible to obtain a solution, 
Although Zemanek states in the paper that no rules of 
action will be introduced for ! , it follows from Zemanek's 
reasoning, as pointed out by V, I, Shestakev in the dis- 
cussion of the paper, that he has implicitly introduced 
certain rules of action for the sign }. In considering vari- 
ous cases of finding inverse functions, Zemanek presents 
a schematic representation of two of them; in these 
schemes, the sign P represents an arbitrarily closed or 
open key, Further, Zemanek considers the equation 


n+1 


YZ ati 


(2, y¥) = Y72 (z;, ¥), 


where i= 1,2,...,mandy= yp is the unknown Boolean 


function, This equation is transformed to the following: 


vu, + YN, = WY ]o + YY Ne 
where 


vin = Vet et), m= Vet AO» 


is the similar notation f 
and Yt, and Yn, #8 t milar notation for 
7a (xj, y). 
From this, Zemanek obtains the solution for the 
initial equation: 
9 =! (yp, = Yq) (Yn F Ye) + 


+ O(¥;, = Vso) (Yn, = Ye) + 1 (4p, = Yyq) (Yny F Ya) + 
FP (Wj, = V2) (Yn = Ya)» 





where = is the equivalence sign and * is the sign of its 
negation, 

This solution contains all possible values of the 
Boolean function being sought. Zemanek showed the ap- 
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plication of the method developed by him to the solution 
of equations in Boolean algebra, 

The paper of Zemanek is, so far as is known, the first 
attempt to give an algebraic representation for the general 
solution of equations in Boolean algebra, 

In the other portion of the papers there were treated 
various questions of the analysis and synthesis of switch- 
ing circuits, Such were the papers of Yu.L. Sagalovich, 

B, Yu. Pil’chak and V, D, Kazakov, 

On Oct, 17, 1958, Yu, L, Sagalovich gave the paper 
"On the number of types of symmetric contact (1,k)- 
poles,” The author recalled that contact (1, k)-poles 
realize the basic sequence of functions of n variables, 
and he considers them ascoinciding correctly to the num- 
bering of the output poles (terminals), The number of 
different (1,k)-poles equals the number of combinations 
m = Cu » where p = 2™-2. on all m (1,k)-poles one can 
carry out the operation of substituting variables and (or) 
inverting (negating) some of them, The set of these 
operations forms a group G of order 2"n!, (1,k)-polesare 
considered to be of one type if they are obtained from each: 
other by operations from the group G. 

Using the methods of the theory of group representa - 
tions, the author found the number, Nn, ke of types of 
(1,k)-poles of n variables: 


= ZN Xe 
where n, is the number of elements of class C of group 
G, X¢ is the character of class C in the representation of 
group G by substitution matrices of order m. To deter- 
mine X,,, one seeks the cyclical structure of the substitu - 
tions of degree m induced in the group G by the elements 
of class C, 

B, Yu. Pil’chak, during two seminar sessions (Nov. 
21 and Nov, 28, 1958), spoke on, "The synthesis of quasi - 
nonrepeated contact circuits." She gave this name to cir- 
cuits in which there are connected to each relay not more 
than one make, and not more than one break, contact. 
These circuits are synthesized by the method of super- 
position of subcircuits. The subcircuits are isolated by 
a method which is a generalization of the method of B. A, 
Trakhtenbrot which he suggested for finding subcircuits 
of nonrepeated circuits, B, Yu, Pil’chak introduced the 
concepts of K-conductance and K-realizability, and sug- 
gested the formula for K-conductance, These formulas 
and concepts are necessary for the synthesis of circuits 
by the superposition method, and are generalizations of 
the ordinary concepts of conductance, realizability, and 
conductance formulas, 


N > 


n, 


On April 17, 1959, V. D. Kazakov gave his paper, 
“Finding the maximum number of simple implicants of 
an arbitrary symmetric logical function of n variables,” 
The speaker first recalled that, in the majority of meth- 
ods for the minimization of logical functions and, con- 
sequently, of switching circuits, it is necessary to seek 
minimal equivalents of the original function which con- 
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sist of some set of simple implicants of the initial fune- 
tion, For the mechanization of this search for minima} 
equivalents, it is necessary to know the greatest numbe 
of simple implicants I,,,, which can appear with one 
arbitrarily chosen function of n logical variables; the 
memory of the minimizing device must be constructed 
on the basis of such a greatest number Imax. 

After this, V. D. Kazakov presented the method by 
had developed for determining the greatest number[,),, 
of simple implicants of an arbitrary symmetric function 
of n variables, He showed that, for such functions, Im, 
is found by the formulas 
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where n is the number of variables in the original fune- 
tion, and a and B are quantities for definite values of 
which the product ce Cy of numbers of combinations 
becomes maximal, The formulas just given are approxi- 
mate ones ; V, D. Kazakov also obtained an exact for- 
mula, but it is very cumbersome, V. D. Kazakov deter- 
mined the form of the functions having I,,4x simple im- 
plicants, and computed, by the method suggested, the 
value of Lnax  , CS oe 

The papers of V. R. Telesnin and B, Ya. Falevich 
were devoted to the descriptions of new contactless cir- 
cuits, for whose synthesis mathematical logic was em- 
ployed, 

On December 19, 1958, V. R. Telesnin gave the 
paper, "The use of magnetic matrices for information 
processing,” in which a device was presented which was 
destined for both the storage and the processing of inform 
tion, The basis of this device is a plane magnetic matt 
used for a memory device, The total number of active 
elements is no larger than in matrices designed only for 
information storage, For the processing of information, 
there were introduced two special rows to which informs 
tion could be transmitted from the ordinary rows of the 
memory device in direct, or complemented, code, Suh 
a device has the capability of realizing any logical fune- 
tions of the arguments written in the places (bit -position) 
of all the rows, The addition of four more special! rows 
allowed the realization of addition, subtraction, and 
multiplication of the numbers written in the matrice’s 
rows, 

On Jan, 30, 1959, B, Ya, Falevich, in the paper, 
"Electronic machines for games of “wolves and sheep,” 
spoke of the schematic implementation, begun under his 
direction, of the substantive algorithm he had found for 
this game. 

The algorithm presented by the author is not the 
very simplest, 

Many of the papers gave rise to lively discussion, 






















































































V. P. Goncharov 
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AND COMPUTING TECHNOLOGY FOR 1958° 





1, General Questions, 
Bibliography 


Terminology, 








"Magnetic amplifier bibliography 1951-1956," 
Commun, and Electronics, No, 39, pp, 613-627 (Novem- 
ber, 1958). 

"Magnetic amplifier bibliography 1957-1958," 
Appl, Sub-Committee of the AIEE Magnetic Amplifier 
Committee, 

"Proposed standards for core test methods for toroidal 
magnetic amplifier cores," Commun, and Electronics 
No, 38, pp. 524-535 (1958), 

"Proposed standard terms and definitions for mag- 
netic amplifiers,” Commun, and Electronics No, 38, pp. 
429-431 (1958), 3 figs., 1-title bibl.; disc. pp, 431-432, 
5-title bibl, 

H, F, Storm, "Recommended symbols for magnetic 
amplifier papers," Proc, C.M.A. (1958), Los Angeles; 
AIEE, pp. 62-66 (1958), 5 tables, 

"Terms and definitions for magnetic amplifiers,” 
Commun, and Electronics No, 38, pp, 429-437 (1958), 


2, Ferromagnetic Materials, Cores 





&) Magnetic Materials 





A. Braginski, "Magnetic materials,” [in Polish], 
Elektronika 5, 1-2, 3-41 (1958), 

W., J. Carr, "Theory of ferromagnetic anisotropy,” 
Phys, Rev, 108, pt. 2, 5, 1158-1163 (1957), 1 table, 

C. W. Chen, "Temperature dependence of mag- 
netic properties of silicon-iron," J. Appl. Phys. 29, 9, 
1337-1348 (1958), 

P, F, Davis, "An electrical analogue of magnetic 
domains,” Brit. J, Appl, Phys. 28, 1, 19-20 (1957), 

H, C, Fiedler et al., "Magnetic properties of cube 
textured silicon-iron magnetic sheet,” J, Appl. Phys, 29, 
3, 363-365 (1958), 

J. F, Fritz and J, J. Clark, "Effects of temperature 
on magnetic properties of nickel-iron alloys,” El, Manu- 
facturing, 62, 5, 135-139 (1958). 

D. I. Gordan et al., "Radiation effects in magnetic 
materials," Nucleonics 16, 73-77 (1958), 

"Ferrite cores for magnetic memory matrices," 

(in German]. Archiv der Elektrischen Ubertragung 12, 6 
(1958), 

H, B, Harms, "An experimental study of magnetic 
materials for use in ultrahigh-temperature electronic 
transformers,” Commun, and Electronics, No, 36, pp. 
181-184 (1958),8 figs., 2-title bibl, 


BIBLIOGRAPHY 
A LIST OF LITERATURE ON MAGNETIC ELEMENTS OF AUTOMATION, REMOTE CONTROL, 


(Translated from: Avtomatika i Telemekhanika Vol, 21, No. 1, pp. 149-158, January, 1960) 


C, Heck, "Magnetic materials and their use in 
electronics and communications engineering,” [in German] 
ETZ-A 179, 23, 932-934 (1958), 31 figs, 

C, Heck and H, Repiser, * Ferrites with rectangular 
hysteresis loops, and the testing of the memory properties,” 
[in German] Radio Mentor No, 2,pp. 107-110 (1957), 

C, P, Lascaro and A, L, Long, "Effect of high in- 
tensity radiation on electronic parts and materials,” El, 
Manufacturing 62, 3, 119-121, 306 (1958), 5 tables, 4- 
title bibl. 

D. H. Martin, "Magnetism in materials,” Wireless 
World 64, pp, 28-30 (Jan, 1958); (February, 1958), 
pp. 70-74; (March, 1958), pp, 126-131; (April, 1958), 
pp. 178-180, 

"Materials used in radio and electronic engineer- 
ing. 5. Magnetic materials,” J, Brit IRE 18, 449-464, 
(1958), 1 fig,, 9 tables, 91-title bibl, 

“A new power ferrite for flyback transformers by 
Allen-Bradley,” Electronics 31, 28 (1958), 

G. G, Palmer et al., "Magnetic properties and 
associated microstructure of zinc-bearing square -loop 
ferrites,” J, Amer, Ceram, Soc, 40, 8, 256-262 .(1957), 
13 figs, 13-title bibl, 

R. H, Pry and C, P, Bean, "Calculation of the ener~- 
gy loss in magnetic sheet materials using a domain model,” 

J. Appl. Phys, 29, 3, 532-539 (1958), 

H, Reinboth, The Technology and Applications of 
Magnetic Materials, [in German](VEB Verlag Technik, 
Berlin, 1958) 379 pp. 

V. H. Richter, *Ferromagnets with rectangular 
hysteresis loops, and their applications,” [in German] 
Elektrotechnik Nos, 15/16, 93-96 (1958), 12 figs, 

R. Skorski, “Annealing iron and steel (0.45%) in a 
magnetic field,* [in Czech,], Prace Inst, Mech, 6, 21, 

32 (1957). 

Z. Tischer, “Magnetically soft materials on the 
basis of nonferrous metals,® [in Czech,], Slaboproudy Obz, 
19, 5,329-337 (1958), 23 figs, 2 tables, 
~ _-Z, Tischer, “Expression for the rectangularity of 
magnetically soft materials,* [in Czech,)], Slaboproudy 
Obz, 19, 10, 653-657 (1958), 18 figs,,6-title bibl. 

A, Villachon, “Alloys with rectangular hysteresis 
loops," [in French], L’Onde El, 37, 360, 259-261 (1957), 

J. L. Walter, "Magnetic properties of cube textured 
transformer sheet,” J, Metals, pp, 509-511 (August, 1958), 

G, W. Wiener and K, Detert, "Cube oriented mag- 
netic sheet. A major advance in magnetic materials," 

J. Metals, pp. 507-508 (August, 1958), 































































































































































































































































































































































H, P, Wijn and H, Heide, “Pulse-response properties 
of rectangular-loop ferrites," Proc, IRE, B-104, Suppl. 7, 
pp. 422-427 (1957), 10 figs., 7-title bibl, 


b) Magnetization Processes and Dynamic 
Characteristics of Ferromagnetic Materials 
(Dissipation, Eddy Currents, Viscosity, 
etc.) 











R. C, Barker, "Magnetization in tape wound cores,*® 
Proc, C.M.A. (1958), Los Angeles, AIEE, pp. 1-46 (1958), 
34 figs,, 1 table, 43-title bibl. 

T. C. Chen and A, Papoulis, "Terminal properties 
of magnetic cores,” Proc, IRE 46, pt. 1, 5, 839-849 (1958), 

R, L. Conger, "Thin film magnetization reversal 
studies,” Proc, C.M.A. (1958), Los Angeles, AIEE, pp. 
444-453 (1958), 7 figs., 5-title bibl, 

G. C, Feth, *Core-reset functions in magnetic- 
amplifier analysis, I. A core-reset function, II, Deter- 
mination of amplifier performance,” Commun, and Elec- 
tronics No, 38, pp. 503-519 (1958), 


K, Ganzhorn, "Computing rectangular hysteresis 
loops in ferrites," [in German], Z, angew. Phys, 10, 4 
169-172 (1958), al 

A. V. Kienlin, *Toward an elucidation of the ques- 
tion of magnetic aftereffects in ferrites caused by elec- 
tron diffusion,” [in German], Z., angew Phys, 9, 5, 245- 
250 (1957). \ 

E. W. Lee, "Eddy-current losses in thin ferromag- 
netic sheets," Proc, IEE 105C , 8, 337-342 (1958), 4 
figs., 24-title bibl. 

R. E. Morgan, “Reactions of bistable B-H loops on 
magnetic amplifiers,” Commun, and Electronics No,39, 
pp. 586-590 (1958), 14 figs., 7-title bibl. 

T. D. Rossing and V, J. Korkowski, "Switching 
properties of permalloy cores of varying coercivity," 
Appl, Phys 29, 3, 479-480 (1958). 

T. D. Rossing et al., “The switching character- 
istics of 4-79 permalJloy cores with different anneals,” 
IRE Trans, Electronic Computers, EC-7, 3, 228-231 (1958), 
8 figs. 

T. D. Rossing and S, M, Rubens, “Effect of a trans- 
verse fieldon switching rates of magnetic memory cores* 
J. Appl. Phys, 29, 8, 1245-1247 (1958), 4 figs., 4-title 
bibl, 

J. E. Wolf, “Influence of excitation frequency and 
waveform on squareness ratio of toroidal tape cores,” 
Proc, C, M, A. pp. 94-112 (1958), 39 figs. 


c) Physical Design and Technology of 
Preparation of Cores 








R. E. Ball, *The effects of core variations on pro- 
duction quantities of magnetic amplifiers,” Proc, C.M.A. 
(1958), Los Angeles, AIEE pp, 87-93 (1958), 5 figs, 3- 
title bibl, 

C. Cook, “Some aspects of the design of toroidal 
inductors," T.M. C. Tech, J, 8, 3, 124-139 (1958). 
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G, J. Duncan and M, M. Felger, ® Properties of 
electrical insulation at ultrahigh temperatures," Applic, 
and Ind, 77, pt, 2, 39, 300-305 (1958), 

"Here's how magnetic amplifier design will be 
affected by tape wound core standarization,® Electronics, 
Engineering Edition 31, 5, 59 (1958), 

"High speed versatile toroid winders for production 
or laboratory,® Electronics, Engineering Edition 31, 11, 
275 (1958), 

*How to make a magnetic core that’s really small!’ 
Electronics, Engineering Edition 31, 3, 44 (1958), 

J. W. Kallender, "Designing minimum weight may 
netic cores,” El, Manufacturing 61, 2, 118-123 (1958), 
3 figs, 

T. Konorinskii, "Designing wound cores for com- 
munications devices," [in Polish] Przeglad Telekomuni- 
kacyjny 1 ,1-7 (1958), 23 figs,, 14-title bibl, 

"Magnetic Metals Company processes tape wound 
centricores to provide thermal stability,” Electronic In 
dustries No, 3, p. 163 (1958), 

D. W. Moore, “The preparation of magnetic film 
by high vacuum evaporation," Proc, C.M.A,. (1958), Los 
Angeles, AIEE, pp. 278-295 (1958), 12 figs, 

T. R. Nisbet, "Optimum design of power trans- 
formers and saturable reactors, Part I," Electronic De- 
sign, p. 4 (April, 1958), 

"Now wind subminiature toroids automatically,” 
Electronics, Engineering Edition 31, 11, 190 (1958), 

F, T. Parr, ® Organosilicon compounds as insulation 
for miniature power transformers for high temperature 
operation,” Proc, Electronic Components Symposium, pp, 
246 -253 (1957). 

A, C. Sim, "Nomogram for air-gap design,” Elec- 
tronic and Radio Engr, 35, 7, 250-251 (1958), 1-title bibl, 

"Tape wound cores, Bobbin cores,” Electronics, 
Engineering Edition 31, 19, 125 (1958), 

"Toroidal coil winder,” Instr, and Automation, 8, 
7, 1240 (1958), 1 fig. 

*Toroidal components? Electronic Industries and 
Tele-Tech, No, 1, p. 116 (1958), 
























8, General Questions in the Theory of 
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